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PREFACE 


During the academic year 1908-9 the author was privileged to give as a 
part of his work at the University of Michigan a course of lectures on infinite 
series, with especial reference in the second semester to divergent series — a 
subject which, despite the uncertain value so long attached to it, seemed clearly 
to be coming into increasing prominence and importance in mathematical 
analysis. Little was accomplished, however, as regards divergent series beyond 
the merest beginning; yet this was sufficient to awaken a desire to continue 
farther and this in turn resulted in a course being given throughout the whole 
of the following year devoted entirely to divergent series and the related topic 
of summability. But this year also closed with much less ground satisfactorily 
covered than had been expected, unforeseen difficulties having arisen from time 
to time, some due to the inherent complexities of the subject in hand and others 
to the somewhat hastily conceived and hence unsatisfactory state in which 
much of the related literature was found to be. Thus the course still seemed 
altogether incomplete. It was therefore decided to continue it once more 
throughout the following year, 1910-11, and indeed for a like reason it was 
finally continued throughout 1911-12. As the lectures and class-room dis¬ 
cussions progressed, permanent notes were kept in the hope that the whole might 
possibly pass through the press at some future time and appear in book form— 
a hope which, after various delays during which the original notes have been 
considerably supplemented, now reaches its realization in the appearance of the 
present volume. In its final form it certainly presents a large mass of detail 
and is doubtless open to criticism in many respects, but it does not seem advisable 
to attempt any further defence for it than is contained in the remaining sections 
of this preface wherein, after certain generalities, the content and motive of the 
various chapters are discussed in some detail. 

Speaking roughly, the study of divergent series, at least as the author has 
come to conceive of it, may be divided into two parts, the one concerning the 
so-called asymptotic series and the other the theory of summability. Of these the 
first, representing the older aspect, originated in an isolated note by Cauchy 
in 1843 1 relating to the well-known series of Stirling for log r(sc), viz.: 

(1) lo g r(a:) = |log2x+(a:-|)loga:-a:+^|i-^|^ + ^|^- 

(j B m = mth Bernoulli number.) 

Cauchy pointed out that this series, though divergent for all values of x, may be 
1 “Sur Femploi legitime des series divergentes,” Compt . Rend , de VAcad . des Sciences , Vol. 17, 
pp. 370-376. 
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used in computing log T(x) when x is large (and positive)—in fact, it was shown 
that, having fixed the number n of terms taken, the absolute error committed by 
stopping the summation at the nth term is less than the absolute, value of the 
next succeeding term, and hence becomes arbitrarily small (n > 3) with in¬ 
creasing x. Cauchy's work on divergent series was confined, however, to the 
single series (1) and, owing to the emphasis placed upon convergent processes 
exclusively by the successors of Cauchy and Abel, no further progress was made 
in this interesting field until the subject at last reappeared after more than forty 
years in connection with the researches of PoincarE upon the irregular solutions 
of linear differential equations. 2 PoincarE considered those divergent series 


(normal series) of the form 

(2) e /(a V(a 0 + fli/a + -f • • •)> 


f(x) « polynomial in ,r, 

p « constant 


which for some time had been known to satisfy formally linear differential equa¬ 
tions of certain types having the point x = °o as an “ irregular ” point, and he 
showed essentially that in general to every such formal solution there corre¬ 
sponds an actual solution which can be represented by (2) in much the same sense 
as (1) was described above as representing log I 1 CO- 8 In view of the important 
significance of such results both from the standpoint of the possible use of di¬ 
vergent series as well as from that of the theory of differential equations, Poin¬ 
care set apart and discussed in some detail a broad class of divergent series of 
the special form (2), applying to them the name of “ asymptotic series.” Poin- 
c arE's results, however, in so far as they concerned differential equations, were 
noticeably incomplete, being limited by certain unfortunate restrictions, and thus 
his original studies have given rise in later years to numerous researches, notably 
by Horn, in which noteworthy advances have been made, though open questions 
in this connection still remain. Corresponding investigations (likewise begun by 
PoincarE) pertaining to linear difference equations have been undertaken in 
recent years and carried to an advanced stage by Horn, NBelund, and others. 
Meanwhile an important aspect of the theory of asymptotic aeries has come into 
view, especially in England under the leadership of Barnes and Harry; namely, 
that of actually determining the asymptotic developments of a given function * 
a problem of decided interest for the study and classification of functions ut gen¬ 
eral- This latter aspect of the subject presents a high degree of complexity 
and doubtless has made hardly more than a beginning at the present time. In 
fact, it has thus far been approached only by confining the attention to m very 
limited number of special functional types, 4 

* “Sur les integrates irr^gulteres dee Equations llndalres," Ada Math,, VdL 8 (ISM!), pf» 25® 
344. Mention should be made also of Oxaurna who simultaneously with Pc»ihc?a»I resumed the 
study of divergent series, confining his attention, however, to the computational aspects of wrtatfi 
special series. (Thesis, Ann. de VEc. Nor. (3), Vol. 3 (1880), p. 201.) 

3 For the more accurate statements, see Chap. HI. 

4 For details, see Chap. II. 
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The theory of summability, or second general aspect of divergent series 
mentioned above, is essentially concerned with the question as to whether in 
any proper sense a sum may be assigned to the series, assumed divergent, 

(3) 

This question has been scientifically attacked only within comparatively recent 
years, the most common avenue of approach being through the so-called boun¬ 
dary-value (Grenzwert) problem in the theory of analytic functions. 5 Thus 
Frobenixjs, without having in view the study of divergent series, showed in the 
first place that if one has a power series whose radius of convergence is equal to 1: 

(4) lLa n x n ; r = radius of convergence — 1 


and writes s n — a 0 + a x + •••+««, then 


(5) 


lim X) a>n% n = lim 

*=1—0 m=0 ii=oo 


■?o + #i + • • • + S n 

n -f 1 


whenever the indicated limit on the right exists. 6 Now, the first member of (5) 
is naturally associated with the corresponding series (3) (in general divergent) 
obtained by placing x = 1 in (4). Thus, at least if one confines the attention to 
divergent series (3) of the particular type just mentioned, it becomes natural to 
assign sums in accordance with the formula 


( 6 ) 


s = lim 


so + si + • • • + i 


n -f 1 


whenever the indicated limit exists. Moreover, this formula finds additional 
justification in the demonstrable fact that for any convergent series (3) the sum, 
regarded in the ordinary sense, viz., s = lim s n , agrees with that given by (6)— 


i. e., formula (6) is consistent. Aside from this one formula (6) many others are 
now known which serve with more or less appropriateness to define the sum of a 
divergent series, both when the series is of the special type above mentioned and 
when otherwise. To what ultimate extent these formulas are appropriate, how 
far the theories of summability erected upon them serve any justifiable purpose 
in analysis, whether the different sums thus assigned involve mutual incon¬ 
sistencies—these and other questions may well be asked and more will be said on 
this point presently. 7 Suffice it to say here that formula (6) has been found in 

B For an elementary description of the problem, see Jahraus, “Das Vefhalten der Potenz- 
reihen auf dem Konvergenzkreise Mstorisch-kritisch dargestellt.” Program des Gymnasiums 
Ludwigshafen (1901), pp. 1-56. See also Knopp, “Grenzwerte von Reiben bei der Annaherung 
an die Konvergenzgrenze.” Dissertation, Berlin, 1907. 

6 “Ueber die Leibnitzsche Reihe,” Jour, jur Math., Vol. 89 (1880), pp. 262-264. 

7 Interesting comments by Pringsheim relative to such questions are to be found in Vol. I 
of the “Encyklopadie der math. Wissenschaften,” §§ 39-40. 
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particular to yield interesting and valuable results when applied to Fourier series 
and the other important allied developments in mathematical physics — develop¬ 
ments in terms of Bessel functions, Legendre functions, etc. Such applications 
alone go far toward assuring a permanent place in analysis to the theory of 
summability as now commonly understood. 

Turning now more specifically to the contents of the present volume, Chapter I 
considers certain aspects of the so-called Maclaurin Sum-Formula, the especial 
aim being to develop and summarize into actual theorems those results which 
are of importance in this connection to the study of divergent series. These 
when once obtained are of particular service in the problem of determining the 
asymptotic developments of a given function, and it is to this that Chapter II 
is then devoted. Beginning with very easy illustrative studies, the Chapter 
proceeds to problems of greater and greater difficulty and eventually treats 
the general problem already considered by various investigators of determining 
the asymptotic developments of the general integral (entire) function of rank p 
(order > 0), following which, at the close of the chapter, the problem of deter¬ 
mining the asymptotic developments of functions defined by power series is 
briefly considered. Chapter III concerns the asymptotic solutions of linear 
differential equations and is an attempt to summarize briefly and without proof 
what are deemed to be the most essential results thus far known in this field, 
with mention also of the corresponding results obtainable in the study of linear 
.difference equations, and with indications as to certain open questions still 
remaining in both connections. Chapter IY considers the theory of summability 
with the especial attempt, as in previous chapters, to single out what seems most 
essential. More specifically, it makes an examination of a few of the standard 
definitions of “ sum ” with the idea of subjecting each to a number of tests which, 
as the author has come to view the subject, every such definition should satisfy. 
For example, it is well known that if a really logical general theory of summa¬ 
bility is ever to be constructed it cannot include all definitions of sum that satisfy 
merely the condition of consistency (§ 37) since this alone does not insure unique¬ 
ness of sum. Therefore, observing the genesis of the whole subject from the 
boundary value problem as described above, it is proposed to arbitrarily limit 
the general theory to those series (3) for which the corresponding power series (4) 
has a radius of convergence equal to 1 and then retain only such definitions of 
sum as give the unique value 

s = lim X) a n x n . 

*=1-0 M=0 

Definitions which do this are said to satisfy the boundary value condition (§ 39). 
Such definitions not only all give the same sum to a given series (convergent or 
divergent) (3), but they at once serve a useful purpose in analysis from the fact 
that they frequently come to furnish the analytic continuation of the series (4) 
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over some portion of its circle of convergence, or indeed in some cases, as in the 
definitions of Borel, throughout regions lying entirely outside that circle. How¬ 
ever limited the scope of a general theory of summability as thus conceived, it 
at least has perfect definiteness and logical coherence and finds immediate use¬ 
fulness in the theory of functions of a complex variable, and we venture the 
opinion that some such characteristics as these must be preserved in any general 
theory of summability that is to retain a permanent place in analysis. 8 No 
attempt will be made here to describe the other tests which Chapter IV sets up, 
but it should be remarked that only a few of the standard definitions of sum 
are tested out since they suffice to illustrate the spirit of the undertaking. The 
chapter closes with a brief account of absolutely summable series and a state¬ 
ment of certain supplementary theorems and corollaries upon summability in 
general. 

A most important aspect of the theory of summability, as the author regards 
it, lies in its applications mentioned above to Fourier series and other allied 
developments in mathematical physics, and this forms the subject of Chapter \. 
For the sake of completeness the treatment is made to include both convergence 
and summability. It is based upon a general method for the study of all such 
developments due to Dini and appearing, though in somewhat diffuse and 
inaccessible form, in his great work entitled “ Serie di Fourier e altre rappre- 
sentazioni analitiche delle funzioni di una variabile reale (Pisa, 1880). Dini 
naturally considered at the time of his investigations only the question of con¬ 
vergence (not including uniform convergence), but his methods are here shown 
to be readily extended so as to be applicable to studies in summability. Especial 
effort has been made here as in the other chapters to summarize all essential 


conclusions from time to time into actual theorems. 

To Professor Alexander Ziwet the author would here express his deep grati¬ 
tude Not only has the book enjoyed the benefits of his critical judgment m 
many ways, but his sympathy and kindly interest have served as a constant en¬ 
couragement, and indeed they are responsible m no small measure for the ap¬ 
pearance of the whole in its present form. The author is much indebted also 
to his colleagues Professors C. E. Love and Tomlinson Fort, the *>t 

various suggestions and criticisms, and the latter for the valuable aid he has 
rendered in reading the proofs. 


Ann Arbor, 

April, 1915 

5SS aid the consequent objections urged by contemporary mathematicians. 




CHAPTER I 


THE MACLAURIN SUM-FORMULA, WITH INTRODUCTION TO THE STUDY OF 
ASYMPTOTIC SERIES 


1. The following formula (Maclaurin Sum-Formula 1 ) 


a) 


£ /(*) = J £mdx - | [/(!>) - /(a)] + |f [/'(&) - /'(a)] 

- [/'"(&) -/'"(a)] + ... + -- ( 2 TO r2)i t/ (2 - 3) (&) - f 2 m ~Ha )j 


+ • • •; B m — mih Bernoulli number 


plays an important part in the modern theory of divergent series and we shall 
therefore begin by pointing out certain facts (cf. Theorems I, II, III and IV) 
connected with its legitimate use. These will form the basis of the studies 
undertaken in Chapter II. 

Following the discussion of (1), we shall also give in the present Chapter 
(cf. §§ 13-17) an outline of the general theory of asymptotic series as originally 
developed by Poincare in his classical memoir in the Acta Mathematica (1886), 
the elements of this theory being likewise needed for the proper development 
of Chapter II. 

2. In order to carry out the desired studies relative to the formula (1), let 
us begin by supposing that there is given any function u x (real or complex) of 
the real variable x which, together with its first 2m+1 derivatives, is continuous 
within a certain interval (a, b). For any value of x such that a^x^x+ h<b 
(h = constant) we may then write 


( 2 ) 


A u x = Ux+h — u x = hu x + 


+ 


' + (2m)l W * <2 


■jf 


(* ~ *) 21 

(2m) I 


-u^dz, 


as appears directly upon applying an integration by parts 2m times to the last 
term in the second member. 

More generally, it appears in like manner that when 0 ^ k ^ 2m — 1 we 
may write 

1 Known also as the Euler sum-formula. For comments upon the historical aspect of the 
subject, see Barnes, Proceedings London Math. Soc. (2), Vol. 3 (1905), p. 253. 

2 1 
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h 2 L2m—A 

^ + '''' + 


J 0 { 2 m~k)\ u * + * ’ 


(3) 

+ 

while the corresponding formula for the case h = 2ni is 

(4) Au x {2m) = jf u^dz. 

Whence if H 0 , Hi, Hi, • • • i? 2 m be the 2m + 1 constants determined by the 
equations 

Ho = 1, lh m = 0, 


(5) 


rr i Hie —1 . Hfo —2 . . -Hi . Hq ' 

H ‘ + “2T + '3r + ••' + Ir + (1T1)] =0: lSiS2m-l 


we shall have 


( 6 ) 

where 

(7) 


- fa/ + £ s*4*a»,<*> = P & 

*=0 «/0 *= 0 ( 2 m — A ?) I 

2 ot 

JiUx = ^2 Hkh k Au x (fc) -f- r m (,T, /i) 

*=o 


Formula (6) bears a close relation, as we shall see, to the Maclaurin Sum- 
Formula (1), 

We first proceed to determine the values of the constants Hu, noting certain 
changes which thereby become possible in the form of (7). 

If we place 


( 8 ) 

and 

(9) 

we have 


*.co = + 


' (2m)I ‘ (2m - l)l + (2m - 2)! + (2m - 4)f 


r2m(2) /o™- | "b J^Z. FTi —{- • • • —f- 


, H 2 ^h 2m ~ 2 z 2 , „ 

+-21-+ HiJl 

Hi m -ih 2m ~ l z 


1! 


(2m - 3)! (2m - 5) !' 

fm(x, h) — — u ( x+ f \ipi m Qi z) + ^ 2 m(h — z)]dz. 
obtain" ^ n ° W deVel ° P “ 2 ) + hmQi — a) in ascending powers of z. We 
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- £"•??<- £<- jv 

it from (5) wo have 

j cm -i-i)i” 0+ “ n,m - j u +2, “~ 15: £ a -%i = ~ a " 

Ik'.iuk', 

~) -I- h*V‘ *) - (2,„)|+ (o. m _ i)|+ £ ( !) /f' 

= ¥>2m(z) - ^2m(s).. 

ms, if wo place z = /t/2 we obtain 

10 last relation, however, cannot exist for all positive integral values of m unless 
a coefficients of the various terms of i/'amOz) are each equal to zero. Hence, 

0) //* = 7 / 5 - // 7 - • • • = //a^i « 0, 

id we obtain the relations 

1) r m (a*, /i) « — jf - «)&* 

2) <P 2 m(/i — z) = <p im (z). 

As to the coefficients // 1 , // 2 , Ih, //<>, • • • Ihm~h wc have 2 


li) //, = - J, //„ = ( (2 J ) ) J' H iJ r ; r = 1, 2,• • ■ (m - 1) 

licre lir is the rth Bernoulli number. 

3. We now proceed to establish the two following properties of the functions 
lm (s) (commonly known in case h ™ 1 as the functions of Bernoulli): 

(a) “ The function <p$ m (z) does not change sign between z = 0 and z = h and 
positive in this domain when m is even and negative when m is odd.” 

(b) “ The expression | | when considered for values of z between z = 0 

id s ™ Ji has its maximum value at z = hj 2.” 

s This mailt like at here wltieh eoneern the. well-known properties of the Bernoulli numbers 
d funrtion#, will here he presupposed. For n proof, see Malmhtkn, Joum.filr Malh. f Vol. 35 
KI7), I). 04. 




4 


The Maclaurin Sum-Formula 


For the proof of (a) let us consider the expression 

, tfiAz 2 ” 1-4 # 2 frV- m ~ 5 , Hih ¥ w ~ 7 _ 

<p'z*-i(z) = (2m- 3)!^~ (2m - 4)1 + (2m - 5)1 + (2m - 7) 1 1 ~ 

+ 

Supposing for the moment that this is positive whenever 0 < z < A/2, let us 
multiply it by h~ 2m dh and integrate from A = A to A = + °°. The result, 
except for the factor h~ 2m+l , is 

a**-* , Hiz 2m ~ 4 h L H 2 z 2m ~ 5 h 2 _ 

(2m - 3)! (2m - 1) + (2m - 4) 1 (2m - 2) + (2m - 5)! (2m - 3) " ' 


H 2m -^h 2m 6 H 2m -&h 2 ' 

+ 315 + 113 


and this must likewise be positive when 0 < a < A/2. Let us now multiply 
the last expression by dz and integrate from z — z to z — A/2. We obtain 




But <p[Jhj2) = 0, as follows from (12). We therefore conclude that if <p' 2m - 2 (z) 
is positive when 0 < z < A/2, then <p' 2ni { z ) is negative throughout the same 
domain. Now, <p 2 (z) ~ z 2 j2 — zhj 2, <p' 2 (z) = z — A/2. Whence, <p 2m (%), con¬ 
sidered for values of z within the indicated interval, will be positive or negative 
according as m is even or odd, while the expression 

<P2mtz) =J^ <P2m'(z)dz 

will be positive if m is even and negative if m is odd. It follows from (12) that 
<P2m(z) has the indicated properties for the interval 0 < z < h. 

Concerning ( b ) we note that if m is even we have shown that <p 2 m(z) is positive 
when 0 < 2 < A/2 and that ^JA/2) = 0. Moreover, since 

<pL(z) = - <p' 2m (h ~ Z), 

the same function is negative when A/2 < a < A. Thus, the statement in 
question follows from elementary considerations in the theory of maxima and 
minima. Likewise we reach the same result when m is odd, since <p 2m (z) is then 
negative from z = 0 to z = A/2 and positive from z — A/2 to z = A. 
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4. Those results being established, we return to formula (0). In this formula 
let us take 

v, =£fw<u, 

where f(x) together with its first 2m derivatives is continuous from x =» a to 
x ~ b. Then u M together with its first 2m T* t derivatives will be continuous 
within the same interval so that for any value of x for which a "1 x < x -T h S5 b 
we shall have (ef. (5), (11), (Id)) 

m ” jf’Wle - 2 + A) -/Ml + m* + A )-/'Ml 

IUl 4 

(H) [r'(x^h)-r% on- 

( nm/J J,2m-2 

+ 1 + A) -/<«(*)] + r m {x, h), 

where 

(15) r m (*, A) - -j(V>(* + 

Let us now suppose that b — a is an integral multiple of A, i. e., h — a *** nh 
and allow x to take successively the values a, a + A, a -f 2h, * • * a -f~ (n — 1)4. 
By adding the corresponding results (14) and dividing by A we obtain 

£/(« + ?A) - E/W - T f /to** - 5 [/(A) - /(«)] 

(if.) + im - rm - Ik Jf (r'(A) - f "wi + ••• + ••■ 

+-/'=-»>(«)]+ k, 

where 

(17) 7C * T ( lbf u) & + *)<pim{z)dz. 

a Jo *-■*« 

/b/ placing m = oo ^ fAm* arrive at formula (1) provided, however, that 

Vnn II* « (). 3 

5. We proceed to consider certain properties of the remainder /C correspond¬ 
ing to the eases in which /(or) is real* From result (a) of § d we may apply the 

* For noteworthy eases in which this condition is fulfilled, see Markoff’s " Differonzen- 
reclmung ” (Leipzig, 1896), Chap. 9, § 8. 
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first law of the mean for integrals and write 

p 1 y] + Oh) ( 0 ** < 1 

h *h 

- f <psm(z)(k 5 

Jo 


or, since 1 

(18) t 

we shall have 

(19) 

Whence, also 

Ti 7,2»-l 

(20) Rm=*Qf' Lm (^~«)d/; B 


(- ir n /Ur wft 

(2m) 1 


iim * C 


(2m) I 


~ 1 < 0 < i 

.1/ ~ ;f' w ui i; a - x : h, 


so that wc reach in summary the following result: 

“If f(x) be any (real) function of the real variable x which together with 
its first 2m derivatives is continuous within the interval in, l>\ we mu\ write 
formula (10) in which, if M represents a value as great m the maximum value of 
|/ (2 w) (£c)| within the same interval, the expression H m sntrifie» relation* tlb) 
and (20).” 

6. Other important forms for the remainder in the Muehturin aim formula 
may be obtained when further hypotheses are placed upon /u* i, Thu•*, let tc« 
suppose in the first place that/ C8ml 0*) does not change sign between x « mid 
x = b. By applying the first law of the mean for integrals we may then write 


Hm = -y **.(«») £ E/“"V 4- =)</= 


( 21 ) 


Whence, by (a) and (b) of § 3, 


Pim{0h)[f am ^ } (h) -/<*• »»■ * .* 1 . 


(22) Bm . 


-1 


0<p2 n 


6 V" 


"(6) -/**•' "(«}); 0 < 11 •; i. 


Moreover, from (8) and (13) we have 


•«)■ 


ji 2m r _jl.jl 

’ L ( 2 m) 12 2m 


it i ;t s t t 

“ 2 (2m - 1)1 2 ,Jw ^ + 1 ■ 2 (2i» ~ 2t! i* 5 " 5 

1 1 . , , . „ /C, » t 1 

4! (2m - 4)1 2 s *’ 4 1) _ 2| , 2; 2 


and it is a demonstrable property of the Bernoulli numbm that the expression 
4 See Malmbtbn (l c.), p. 84, 4. 

* Due originally to Poisson. 8m Mim. de VAmd. ,k* Sewnrtn, Vat U s Ki;fj, p. Mm, 
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here appearing in .square brackets is equal to 


(23) 


22m _ l 71 
pm ■* 6 

} 2 2m “ 1 (2m) I * 


Whence, by adding and subtracting the term 


(- 


l ) m " limit*"- 1 

(2m) I 




in the second member of (10) we obtain the following result: 

“ If f(x) be a (real) function of the real variable x which together with its 
first 2m. derivatives is continuous within the interval (a, b) and if its 2wth deriva¬ 
tive does not change sign between the same limits, we may write 

E/W = \ £mdjc - i 1/(6) - /(«)] + "flfOO - /'(«)] - 


x ir'w - /"(«)] + • • ■ + ^ (2m) “ - /«"-»(«)] + /l, 

where 

( 03m_ 1 \ 71 JAm-l 

9 - 1) £ m)l If^Kb) -/<»-'>(«)]; 0 < 0 < 1 

Since 

02m _ 1 02m _ 1 

(20 IKO ‘^,- 20 2 ».-<2 


we see that under the hypotheses of the above result the series (1), even though 
it be divergent, may be used to compute the value of 

(25) E/C*) 


with an error numerically less than the absolute value of the last term taken. 

More generally, it appears in the same manner that we shall have the above 
result whenever/(.r), f'(x), /"(a*), • * • / Cim) (x) are continuous within the interval 
(a, b), while the expression 

E/<*">(* + *) 

does not change sign between z = 0 and z = h. 

7. Again, let us now suppose that neither of the expressions 

(25) E/ 12 "'(J- + =), E/ (s ” +5) (* + a) 


changes sign between z ~ 0 and z = A. Replacing to by to + 1 in (10), using 
• Bee Malmsten (t. c.), p. 70, 
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therein the form for R mH determined by (19), and comparing the result with 
that of § 5 (in which m is left unaltered), we obtain 


B^h^ 2 

(2m + 2)1 


E/ (2m+2) (^+^ ) = -{e 


2 2m — 1 
2 2m-l 


/,2m-l 

1 |^jr !/<2 ”' I>(6) ~ /<2 "" 1>(a)] - 


But 


J hb-h 

Z/ (2m) (z + z)dz. 

*=a 


Whence, upon recalling that B m and .Bm+i 
expression 

2 2m - 1 
^ 22m- 1 


are both positive, we see that the 
- 1 


will be negative and numerically less than 1 in case expressions (26) are of the 
same sign between z = 0 and z = l, while it will be positive and no greater than 
2 2m — 1 1 2 2m ~ 1 — 1 

2 2m ~ 1 1 = 2 2m ~~ 1 


in case expressions (26) are of opposite sign throughout the same domain. Thus 
we reach the following result: 

“ Let f(x) be a (real) function of the real variable x which together with its 
first 2m derivatives is continuous within the interval (a, b ) and is such that 
neither of the expressions 


Ef (2m) (x + z), Z/ (2 -+ 2) (z + z) 


changes sign between z = 0 and z — h. Then, according as these expressions 
preserve the same or opposite signs for the indicated values of z } we may write 

(27) -/'»]+ ••• 

B i h 2m ~ 3 

+ (~ (^2)1-/ <M («)1 + A, 

where 

B h 2m ~ l 

A. = (- i)" +1 e - /<*”-»(«)); o < e < i 

and 

= l£ f{x)<k - * m +If - /'(«)] 

f"(5)-/'"(«)]+••• 

B m h 2m ~ 1 

+ (_ -M*)i + a, 


( 28 ) 
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where 

‘>2m ~1 „ 1 /J /,2m —1 

« (- !)""()“ ^ • ':‘ w)1 U^m -/^(a)l; 0 < 0 < l. J 


Formula (27) wan first established by Jacobi 7 in 1834. Whenever the con¬ 
ditions for its use are satisfied it is seen that the sum of any number of terms in 
the series (1) {cmrergtmi or divergent) gives the value of (25) with an error having 
the same, sign as that of the first term neglected and less numerically than the 
absolute value of that term. Formula (28) is due to Malmsten. 8 Whenever 
it may he used the sum of any number of terms in the series (1) gives the value of 
(25) with an error having the same sign as that of the last term taken and less 
numerically than the absolute value of that term. 

8. Another important and well-known form for the remainder in the Mae- 
laurin Sum-Formula may ho obtained when the function fix) may be regarded 
as an analytic function of a complex variable. 

To see this we recall in the first place that if /(w) and <p{w) are any two func¬ 
tions of the complex variable w (w — x + iy) both analytic and single-valued 
in the neighborhood of the point %o = a and of which the second has a zero 
of the first order at the same point, then we have the formula 


(29) 


m 

<p{w) 


dw 


./(«) 

V(<0 


+ v* 


lira t},, ~ 0; 

(BbO 

)j, hQ if 6 = 2rr, 


whore the integration is taken in the positive sense along the arc of a circular 
sector of small radius e and center at w — a and whose angle is d. In fact, this 
formula results directly from well-known principles in the theory of complex 
integrals upon observing that in the present instance we may develop the func¬ 
tion f(w)/tp(w) in the form 


i-' a +fMi 


. ./(<»). 

" <p\o) * 


where p{w) is analytic at the point w ~ a. 

An immediate and useful corollary of (29) is as follows: 

» If f(w) and <p(w) are any two functions of the complex variable w both of 
which are single-valued and analytic in a region A of the w-plane and of which 
the latter vanishes within A only at the points w = Xi, X 2 , • • • Xn which are 
zeros of the, first order, and if C n designate any contour lying within A and 
including the points w = Xi, X 2 , * * • X n » we shall have 


(30) 


2 «Jl 


/( . w) ,&=E 

<p{w) nml 


/(Xn). 

<p'M 1 


wliere the indicated integration is performed in the positive sense. 
T Bfxi Jnum./ar Math., Val 13 (1834), p. 270. 

* Sec Malmbtkn (l c .), p. 72. 
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We proceed to apply formulas (29) and (20) to our present problem,® For 
this purpose let us take 10 

(31) <p(w) « «. i 

and let us suppose/(w) to be any function which is analytic throughout a vertical 
strip of the w-plane extending to an infinite distance both above and below the 
axis of reals and including the two real points w ■ : n, ip • h f h > a). Fur the 

contour C n let us take that formed by the line u* a f it/ (the point ic a 

excluded), by the line w = b •+■ iy (w » b excluded) and by the linen «■ ,r f I] 
(j = constant > 0) together with small semicircles of radius t > h about the 

points w — a, w = b, the former extending to the right and the latter to the 

left. 

Since tp(w) has zeros of the first order at the points w • < u *} /»/<; p 0, 
1, 2, • • •, while at the same points <p'(w) ® 2tt i/h, we ohtuin as a result of t.'Stti 

(32) h :?> - w«)+ j r ^»/«-. 

We proceed to study in further detail the complex integral here appearing. 



First, the contribution coming from the aide JA (see Fig. 1) is 

* f7(* - ij) . 

and since ?(a - ij) becomes infinite when + » like we have but to 
suppose that/(to) satisfies the following supplementary condition: 

( 33 ) Hm /(a: - ij)r*"*l h ® 0; a “1 x £ 6 


m order to have hm 0 provided we take j - oo. I„ particular, condition CKI, 

T 1 be i “ tls ® ed w ?“ en f ver l/(«) I remains less than ft constant for all values 
°t w within the strip already mentioned. 

® See Pbtbhsbn's " Vorlesungon liber FunkUonatheoria " (Cm*nhiurMt 1HM ,«* mi uni 

“ szsxr - v* '-k rre,3.3 
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Secondly, let uh consider the contribution coming from the portion JJEFO. 


By writing 


¥>("') <p(w) J J 


and observing that the integral of/(«') over I)1CFG is equal to that over VC1IG, 
the contribution in question becomes 


<x 


* [via 4* iy) 4* 1 }fia 4 iy ) 

<p{a 4 iy) 


dy 4 i 


'X 


4 iy) 4 1 }f(b 4 iy) 
<p(b 4 ?y) 


dy 


. p^+« + i)M r m<Ull . 
J n <p{x 4 v) Ju!Wt> 


Of the integrals here appearing we observe that the third may be neglected by 
taking j «* 4 00 provided that f{w) satisfy the following supplementary con¬ 
dition: 


(34) lim fix 4 ij)tr*" J (h » (); a r2 a* *1 b. 


Next, the contributions from the semicircular area BCD and Gill are equal 
respectively to — (h/2)f(b) and — (hj2)f(a) except for expressions that become 
infinitesimal with e, as follows from (20). 

We shall now assume not only the existence of (3.3) and (34) but that of the 
following stronger condition: 

(35) lim fix 4 ij)e h '* ulKlJ ** 0; atlxzlb, 


where rj is an assignable positive quantity. If we then take account of the two 
remaining contributions, viz., those arising from the sides AB and /«/, we obtain 
in summary 


h S fix) ® f f(w)dw - ~ [f(b) - /(a)] 4 if 
«»# J air cd * J* 


4 fy) 4 1 }fib 4 iy) 
<pib 4 iy) 


dy 


4t 


%/eo 


{^(a 4 iy) 4 !}/(« 4 iy) 


via 4 iy) 


dy- 


<£ 


fib 4 iy) 
* <pib 4 iy) 


dy 


+i L 


° fia 4 iy) 
via 4 iy) 


dy, 


in which the various improper integrals have a meaning by virtue of (35). 
Let us next allow c to approach zero. Since 

via 4 iy) — v(h 4 iy) “ e~~ 2vvlh — 1 , 

we thus arrive at the equation 
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(36) , l r [/(.<•-f >») - f(* - 

+ U r~*-l 

Moreover, the function (l/i) [f(x + iy) - J{* - real when y 

is real, may be expanded by Taylor’s formula (with remainder) into the form 

2 [| i f(%-i 1 rw ! /«+ -+ ( 2 ;-T)V ,8 "” w ^' i: 

+ [/<«(* + %) - /“"’Of - m\rJ,: » < 8 < t. 


Recalling finally that 11 

ni2p—1 r» ySp-l ffit> 

, ;&=I* m *1 /•- X ^- 4?** 


we reach the following result: 

“ If the function /(u>) is analytic throughout a vertical strip of the w complex 
plane extending to an infinite distance both above and below the ash of reals 
and including the real points to - a, w (>, and h furthermore **tirH that 

lim f{x db iy)6 l *~* nlh]il « 0; a x b, 

V»+°o 

where y is some assignable positive quantity, we may write 

E/w = Ifmax -1 irn - /w] + "f \m - /'<«» 

- "firm -r<«)i + ••• 

+ (_ (Um)i W ” [ /'” l ’(0-/ ,w n («)l t 

where 

(-1)” r* + Uy) - /'*”(* - „, 

^ mUhJ , . ,*■« _i 

| 0 » 1 leAen m » 0, 
l 0 < 0 < 1 when m l, 2, 3, «• * 

Equation (36) with h » 1, was first given 18 by Plana in 1820 and soon after¬ 
wards by Abel . 18 The same result was obtained through the calculus of residues 
for the first time by Kronecker 14 in 1889. 

11 See Malmstbn (l. c.), p, 59. 

“ See Mem. della Accad . deUe act. di Torino, Vol. 26 (1820), 

« See Oeuvres complies (1881), Vol. 1, pp. 21-26. Ibid,, pp. 84-30, 

14 See Journ.fUr Math., Vol. 106 (1889), p. 864. 
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9. We proceed to note certain theorems which follow from the preceding 
results and which will prove useful in the study of divergent series (Chap. II). 

Theorem I. Letf(x ) be any (real) function of the real variable x which together 
with its first 2m derivatives is continuous throughout the infinite interval x > a. 
Also, let it be supposed that the following series is convergent : 15 

< 37 ) £ P m Hy + t)<P2 m Wt, 

y=a J a 

in which <p 2 m (t) represents the 2mth Bernoulli function. We may then write 

2 /(*) = +£ /w* -’§/(*)+ Y\ /'(*) - If /"'<*)+• • • 

(2m — 2)1 

where 

^(x) = £ f /<^(y + t)v^m = £/ Pm) (y +»,); 

1 y =!B 

| a: a 

1 o < e u < 1, 

and where Cm is a constant as regards x, defined by the equation 

c m = if (a) - §!/'(«) + §/"'(«)-+ /°-»(«) ~ fl-W. 

In fact, the expression flU(a:) will exist for a; = a, a + 1, a + 2, • • •, and by 
the results of § 4 we shall have 

E/to = £f(x)ix - i [/to - /(a)] + [/'(*) - /'(a)]- 

+ ( ( ^ m - ) "' B gi 1 [/ <2 - 3) w -/ (2 *- ! >(«)] + A», 

where 

Rm- — f + t)<p 2 m(t)dt = &m(«) - Sim (a). 

«/0 y=a 

But this result is coextensive with that indicated in the theorem. As to the 
second form there given for Qm(x)» we observe that by virtue of statement (a) 
of § 3 we may apply the first law of the mean for integrals to each term of the 
series representing Qm(x), thus writing 

o*,(z) = £/“">(» + »„) f 4*»(«)*; 0 < e„ < l, 

«/0 

16 It will be understood that in this and the following two theorems y takes only the values 
a, a + 1, a + 2, • • •. 
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diich, upon using (18), becomes 

39 ) fl.tr) » ( ”•,!,!)f" £/ '' ’!' < "»'• 

We add that in case lim/ C2p ~ n (.r) 0; /* ■ l> ft**” ••«.u-.tiuii f 

dll be independent of m as well as of x, for we dud! thi n bine 

?,+o,(*) - cu+jfm - Jjrw '4.i >Vr) j L, " r '- 

o that by placing x ® co and observing flint bm LV-rt Ism !!„»• r* n, wr 
btain C i » C m . 

Theorem II. Ld f(x) be any (mill fund i*m *«/ il»*• mil uituddr <• j, fti.-l 
igether with its first 2m derimtircs is cuntiminm ihuntfiwut fiW snf-'usfr irfrnvi/ 
> a. ilfoo, Id il 6fl supposed that d*»rs n>4 vhnngt sum u ithm ihf sn wr 

nterml and that lim/ ( ® m ”“ 1) (j) = (). J{> may thm u-ntc 


lj(x) = C m + jf /(;r)<£e - §/(*) + 


mere 

-(*) = + £jT'/<**’<» + 

” (3m)! fW - r,/ ‘ : “ j' ’t I. 

nd where C m is a constant as regards i t defined by the eymitiun 

cu -*/(«) -f^t,)+-jrw - • • • *' 

To prove this theorem we first observe that, u< i rmilt »f mir jajmthmm 
pon/ (2m) (aj), the terms of the expression 

4-1 M 

Fm(.b, *) ■ £ I /“"'{ft -I- h ■ x 

V’m 

ill all have the same sign, so that F m {b. x) w t-itl.rr an .v.r im-rening „r 1 . 1 , 
rer decreasing function when b inert***, ,|«, by tr.»ti>. E K<k x) ,»• .11.1 
le fl. of (17) by means of (21), (22) and (2:i| wo obtain 

K{b, x) = 2 2 ; »~- 1 1 ^1/"*' ”<0 ~/ 5 ” 1 ■ J-i 1; 
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Whence, the expression 

F m (x) = lim F m (b, x) 
exists, and since by hypothesis 

lim/ (2rn_1) (6) = 0, 

we shall have 

F m (x) = H„(x) - = ( 

0 ^ 7] m (x ) ^ 1 

or 

(_ ]\m+-lJD f 02m _ 1 ] 

(40) a m (x) = — 2 j ’-W - 1 j/ l> *~ 1> (*); 0 =,„(*)£!. 


Thus, fi m (a;) exists and has the form indicated in the theorem. 

Now, by equation (16) we shall have also 

£ /(*) = f f(x)dx — I [/(a:) - f(a)] + |y [/'(*) - f(a )] - • • • 

Thus, we reach the desired result. Again we note that C m will be independent 
of m as well as of x whenever 


limf 2 *- 1 )(a) = 0; p = 1, 2, 3, • • •. 


Theorem III. Let f(x ) be any {real) function of the real variable x which 
together with its first 2m + 2 derivatives is continuous throughout the infinite interval 
x > a. Also, let it be supposed that / (2m) (x) andf (2m+2) (x) do not change sign within 
the same interval, while 

lim f^Hx) = 0; p = 1, 2, 3, • • •. 

Then, if f 2m) (x) andf {2m+2) (a) preserve the same sign (x > a) we may write 

£/w = c + fj(x)dx - j /(*)+§fm - *rw + • • • 

where ^ 

a.(a) = £ /V 2m) (.y + t)^m - (- 1) 

JxiSa 

{ 0 ^ e*(aO ^ 1, 

and where C is a constant as regards both m and x, defined by the equation 
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' 0„(o). 17 


(2m - 2)1 

On the other hand, iff^K*) and f 2m + 2) (*) preserve opposite signs (x > a) (other 
conditions remaining as before ) we may write 


E/to = c+ffmdx - i/w + fj/'to - f,V'"to + ■ ■ • 

n«!I/i 

+ (->„0! "M + «■<*). 

where 

sum = ^Jf=/<-«to + tjj™(v+ Ow-w<« 


v 2 2 ” 1 - 1 - 1 B m 


- (- l) m+1 0 w (a:) 2 sm-i (2m) l r ”. w: 1 0 - () m (x) * 1, 


and where 0 is a constant as regards both m and x, defined by the equation 

■ \rn, 


C = */(fl) 


- |/'to + jj/"'to - • • • + ( ( ol,!”*>(«) “ 


For the proof of this theorem we first observe that the conditions for theorem 
II, and hence also those for theorem I, are here fulfilled both for in - m and 
m— m+ 1; also the conditions that C m shall be independent of m. I ’p'm 
applying theorem II with Qm(x) as given by (40) and comparing the result 
with that obtained by placing m = m -f- 1 in theorem I, we obtain 


ft [ 02 m _ 1 | ft ,, « 

C4D i)/<->to - {2m f 2) |L/-’'(r+ *.)• 

Let us now write/ <a ”‘ r " I) to in the form 

-lim fl!/<*>&+«)* 

6sioo t/o y*.*s 

and let SVC®) represent the expression O m (a:) of theorem II in the present dis¬ 
cussion. Then, in case f {2m) (x) and /<*»+*>(*) preserve the same sign it follows 
from (41) that 

(_ i Nm-hl ft 

(42) flU'G*) = —(2m )i -Mx)f^ l Hx); - 1 - fc.tr) £ 0 

and hence, for the first expression Qm(x) of the present theorem, we shall have 

£i„to = SV(z) + _ ( --- ( ^p^0«to/»--'>W : 

() ss CU4 s I 

with which the first part of the theorem becomes established, 

17 Cf. Markout (l. c.), pp. 13X-X33. 
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If, on the other hand, anpreserve opposite signs (x > a) 

we shall have equation (42) in which 

02m 1 ‘)2m—1 1 

. 

and thus the second part of the theorem becomes established, upon observing 
finally that we here have R,„(*r) = 

Theorem IV. Let f(w) be. any f unction of the complex variable w ~ x + iy 
which is analytic throughout all portions of the w plane (w = <x> exci) for which 
x S a. Also , let it be supposed that 

lim f(x rb iy)c {)r ~ u)u ™ 0; x l!“ a, 

'/ I m 

where rj is some assignable positive quantity . IIV’ may then write 

L/M = o» + jf sow - MO) + "i/'W - %/"(*) + • • • 

( — I y»U/J 

+ cL) 1 + 

where 

o M - ( ~ 1)m rv?°k-+-w* - 

f 0* *= 1 when in 0 
| 0 < Q x < I when m == 1, 2, 3, • • 

and where C m is a constant as regards x, defined by the equation 

0. - If (a) - fj/'O) + f?/'"(«)-+ t- ( o 1 2)f”/ !Sm “°(«) ~ «»(«)■ 

This theorem is, in fact, a direct consequence of the result stated in § 8, 
being obtained from it by placing b => x and rearranging terms. 

Generalization oe the Preceding Results 18 

10. The results given in § 4-7 and the first three theorems of § 9 require 
that the function f(x) together with its first 2m derivatives shall be continuous 
throughout a certain specified interval. When this condition is not satis¬ 
fied the same results and theorems no longer exist, at least in general. How¬ 
ever, in cases in which f(x) satisfies the indicated condition except at a finite 

** For a derivation of the Maelaurin sum-formula from the standpoint, of Fourier aeries, sec 
Poisson (l. c..), A still different method may he found in Boole’s “ Treatise on Finite Differ¬ 
ences ” (London, 18(H)), pp. 80-8-1. The formula has been generalised in various directions by 
Barnes; sets Quart. Jourri. of Malh., Vol. 05 (1903), pp. 175-188; Trans, of Camlmdge Philosophical 
Nor,, Vol. 19 (1004), p. 325; Promdingn of London Math. Nor. (2), Vol. 3 (1905), pp. 253-272. 

3 
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number of points (at which discontinuity or uncertainty may exist) we may 
still obtain certain noteworthy results. 

In order to show this we first observe that if u and v be any two functions 
of the (real) variable x which together with their first derivatives are continuous 
throughout the interval (a, a -j- h) except at the point x = (3, we may write 

a 0-« f*a+h\ ~\x=a. +h -ja:=j3 + e / /»/3-e r-a+h \ 

+ J Judv = uv J — uv J ~~ + J J vd u 

e being an arbitrarily small positive quantity. This is, in fact, a direct conse¬ 
quence of the ordinary formula for integration by parts. 19 

In particular, if u x be a function which together with its first 2m -f 1 deriva¬ 
tives (u r , u", • • • u (2m+1) ) is continuous within the interval (a, a-\- h) except at 
the point x = jS we may obtain by repeated use of (43) the following result 
(qf. (3)): 


p=i p! 


= Z + | 




(2m - h) 1 a+z 

Whence, if Ho, Hi, • • • H<i m be the constants defined by (5) we mav write 

(c/- (6)): 


where 


'■ fe4) “-(r ^ + cj ,,sTy> s ff ^ 


™ ' £i nia " j 2 m -I)T*‘ 


Upon introducing the function «*„(*) and making use of the relations (10) 
and (13) we thus obtain 


(44) 

where 


< = Aw ‘ - + Z (- l )*" 1 Alt® 


r 2m—2 

+ £ 


(2k )! 

X?- 


Lfco ■' ~ Q p\ w ?+* ) J aj= _ 4 +r m (a, A), 


r m (a, 


[a ' h) ~ (f. + 1 + . ) - c)dx. 


fw ° ur “ purpose is that 

1 (1902), 185) ft. ,„ rmula 

integration. derivatives shall be continuous throughout the interval of 
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fix — I f(x)dx when a Ss a* 21 (3 — e, 

«a 

fix " (^ f -I" J* ^ f{x)dx when 0 e ^ x ^ a ~h h, 

f(,r) being any function which together with its first 2m derivatives is continuous 
within the interval («, a -f- h) except, at the point x ~ fi, Such a function u x 
together with its first 2m 1 derivatives will he continuous except at a : = (3. 
Whence, applying (4*1), we may write 2 ' 1 


m«) ■= (jf 

(45) 


+ J^) I/M ~ - «)]^ - IAf(a) 

+ E(-D t ~ 1 ^|A/«<=-»(«) 

+ [ E S /W‘'E f (? ‘ + * ) /w*-H(f3 + X ) 


Let uh BiqipoHC lastly that the interval (a, a + h) containing the point a: = /3 
in part of a larger interval (a, h) throughout which (except at a* = /5) f(x) satis¬ 
fies the indicated conditions; also lot us suppose that a is one of the quantities 
a, a + h, a T 2 h, * * *, h — ft. If then we apply formula (Hi) to f(x) when con¬ 
sidered within the intervals (a, o*), (« + /f, h) and apply formula (45) to the 
same function when considered within the interval (cv, a + h) wo. obtain, after 
adding the three results and dividing by h, 

Sj(« + < ih) = 52/W “ •); (_( + 

- *+/"^)/ <s " ) < a w* - «)* 

( 40 ) + r e’w* e V( * a+ ■*>*-»+*>r 

l, k M) V 1 

(- [/am _ )(i) _ jf(2ra -3 )( „ )] + Rm 

{im — i) i 

where 

f 0 ( ^ + z)<P*Mdz. 


By use of this formula instead of the earlier corresponding one (10) we arrive 
»“ Wei note that/*”»>(£ + x) » up*, and heneo/<-» (0 + x)]'”l, - 0. 
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at the desired theorems corresponding to the first three of § 9. Since these are 
long in statement though readily supplied we shall omit them. 

Analogous results may evidently be obtained when f(x) presents any (finite) 
number of exceptional points of the type just mentioned. 

11. Again, the results stated in § 8 and the fourth theorem of § 9 require 
that f(w) be analytic within a certain domain. If, on the other hand, this 
function presents singularities at a finite number of points within the domain, 
but otherwise satisfies the indicated conditions, we may readily make such 
alterations as are necessary to preserve correctness. For example, let us sup¬ 
pose that the function f(w) of theorem IV satisfies the conditions there stated 
except at the point w = /3 = p + iq; a < p < x, q < 0. The theorem will 
then continue to hold true 21 provided that we subtract from the second member 
the residue r ? of the function 

(m 2rif(io) _ 2rrif(w) 

1 ' <p(w) e 2ni(w ~ a) - 1 

corresponding to the point w = 0. However, if the exceptional point occurs at 
w = p = p + iq) a < p < x, q> 0, then (in view of the manner in which in 
§ 8 the integral of f(w) over the path DEFG was transformed to one over the 
path DCHG ) the theorem will continue true provided we subtract from the 
second member the expression together with the residue r p ' of the function 
2irif(w) corresponding to the same point w — (3. 

Other cases are those in which a singular point occurs on either of the lines 
w = a + iy , w = x + iy or at a real point w = 0 < x. If, in the last of these 
cases (which is the only one to which we shall refer later), the singular point is 
a pole of the first order the theorem is seen to continue as a result of (29) provided 
that the term 

J f(x)dx 

be changed to 

! s(r 

where r^, r^' have the meanings already given. 


Series of Stirling 

12. As a preliminary application of the preceding general theorems to special 
unc ions f(x) let us take f{x) - log x, a = any real number > 0. We arc 
thereby led to certain well-known results respecting the series of Stirling 
The first part of theorem III may here be applied since we have 

j t x) — -- p = 1, 2j 3> .... 
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Whence, upon observing tlmt 

jT log xdx = [.r log .r — .rj' ~ k\ + .r log x — .r; ki ~ con fit. 


and that 


S log a- = log r(.r) - log V(.a) = h + log roo; h ~ const. 


we obtain 

log T(;r) = K -|- (.r — .]) log .r — .r 4~ | .o x~~ ‘A -4 .r 3 5 - O a: 3 ~ " 

(- 1 1 

(2a/ — 8) (2/// — 2) .r' n ~ 3 

where K is a constant as regards m and x and where 


+ r m (x) y 


(- 


0 - ' O m (.r) :: l. as 


(48) r m (x) = 0, rt (.r) , 1wo * 

v ' w v ' (2/u — l)(2a/)u“ m 1 

Moreover, by comparing the above results with the well-known formula 23 

log r(aO « l log 2 tt + (.r — log x — x 


m 


+ .f(, 


t ’ 


it follows (upon placing x = 00 ) that AT £ log 2ir. 

Thus, we arrive at the series of Stirling (see Preface) and it appears from 
(48) that, though divergent, the series may be used to compute log P(.r) with but 
slight error when x. (real and positive) is large. In fact, the first term neglected 
is seen to constitute an upper limit to the error committed by breaking oft the 
series at any one point. This fact was pointed out by Cauchy 24 in 1848 through 
an independent investigation based upon formula (49), he also noting in this 
connection the. possible value of divergent aeries in computation. (Taucuy’b 
work was, however, confined to this one series and in this it appears that his 
results might have been obtained much more directly, as indicated in § 12, 
from the earlier general investigations of Poihbon and Jacobi relative to the 
Maelaurin Snm-Formnla. 

We add that the value of the constant K may he obtained independently of 
formula (49) by use of the well-known formula of Wallis expressing the value 
of 

n In the. present ease it may Iks shown that 0 < O m (x) < 1. See, Malmhten (I. c.), p. 76. 

n Usually attributed to Binet. 

n See Com pies Rendu* do VAcod, dv* Sciences, Vtil. 17 (1843), pp. 370-370. 

“ See Mahkoff (l. c.), p. 134. 
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Preliminary Discuhsion ok Ahymbtotkj Skiukm 
13. The formula of Stirling, by means of which the function 


log r(.r) — (x - .]) I»K * 4 * 

maybe identified with a certain divergent power series in 1 Jx, affords an illustra¬ 
tion of an important class of developments known us tmymyMic furies. We 
proceed to give at this point a brief exposition of the general features of this 
subject, leaving its further development and applications for later chapters, 
(especially chapters II and III. 

Following PoiNCARlo, we adopt the following definition;' 41 
“ A power series of the form 


(50) 


ao 4 


0 - 0 ' 


+ - 


do, <t\ , an, • • • vunsluntit 


is said to represent asymptotically the function /(.r) for large positive values id jr 
whenever 


(51) 


lim .r n [ f(x ) - (a 0 4 «i/*c + ai/s? 4 * * • 4 ««>'*)! ■ 0; 
»=<+« 

H r (I, t 


Thus, for a given value of n the difference between the function and the sum 
of the first n 4 1 terms of its corresponding asymptotic series fin nine one oWus) 
vanishes to a higher order than the nth when a* - 4 «, as would he tin- mm* in 
particular if the series were convergent. Symbolically, the uhme relation h 
expressed as follows; 

(52) f(x) ~ « 0 4 * «i/*r 4 • * *. 

Several general observations are here desirable. First, a given function fur) 
can be represented asymptotically in but one way. In fact, we have from p’d) 


(53) f(x) = «o 4 ai/x 4 (hfz? 4-H 1 } “ n * ; li m = I) 

u See Acta ilfat/u, Vol. 8 (1886), p. 296. # J * 

11 In tins definition no restrictions arc placed ujam (50) m regards ronvtwm t’ <>r dung. n« 
However, in the usual applications the norm is divergent for all valors (jamitm-j „f x, |»«i » itU 
instance in which the contrary is the case wo have 

e-u* *0+2 + 0 + 0 + , <>t 

In the most important applications (of. Chapters II and III) /(*) w a funniiut k-nhn n 
explicitly or else determined implicitly as a solution of a linear diftemuhl or d.fterrmr ,qu«imm 
capable of analytic continuation into the complex field, bring in (ml imalytir thr«.u*»».«,i it* 
fimte plane with the exception of points (finite or infinite in mania*) upm n |»,«r »»„»,*„* 

of straight lines radiating from the origin and having the point x - * « » «m K uliiri<y. 

v i mt V c ™ as u P° T n r tho definition of asymptotic aeries net* Tmumi6, Jm»m, fur 

Yol. 24 (1904), pp. 182-160; Van Vlbck, The Boston Colloquium Ijrturm (Sett- York Mar. 
millan, 1905), pp. 77-86; Watson, Philosophical Tram., Vol, 211A (lull), pp. 2?i ,113. 
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and in case we had also 

m = l» + W* + + ■ ■ ■ + b »-tl* n ~ l + K + .,."'‘ ,( ' r) ; Urn e„'(*) 

**' T-i-1'00 

we should have 

(«0 ~ bo) 4" («l — hi) ^4“ («2 — h) ^ 4“ • • * + («m -1 “ &»-l) ,^-x 

(54) 

, (tn ~ &n + - €,/(:r) 

' X n 

Whence, (to — bo, ns results from the last equation by placing x = + 00 . Making 
use of this relation in (5*1), multiplying both members by .r and proceeding as 
before, we obtain «i = b\, • * •, etc. The converse of the above statement is, 
however, not true as appears directly whim we note that if J(x) is represented 
asymptotically by (50) so also is, for example, the function J(x) 4’ eT 28 

Again, it is desirable for the sake of clearness to note, that asymptotic series 
in general cannot be used for purposes of computation in the. sense in which 
Stirling's scries can he used to compute log I’Or), In fact, no information is 
at hand respecting the error committed by stopping at any preassigned term. 29 
There are, however, numerous and important asymptotic developments 30 which, 
like the series of Stirling, are derivable by use of the Muclaurin Sum-Formula 
and for such the limit of error may usually be fixed by means of the formulas 
then present for the remainder. Hut in all eases, the asymptotic development 
furnishes information as to the behavior of the function when x is very large. 
Thus, the expressions 

«o, n Q 4- aJx, a Q 4* ajx + flsAr 2 , • • *, a 0 4" <h/x 4” <h/i? 4” * * • 4“ (bn/x m 

constitute a series of successive approximations to the value of f(x) provided 
that x is sufficiently large. Furthermore, we have 

lim f(x) = « 0 

(55) lim a-[/(.r) — ad 1 -» «i 

lim x n [f(x) — a 0 — ajx — a%/. c 3 — a^i/x^ 1 ] * a n . 

Conversely, when the behavior of /Or) for large positive values of x is known, 
the equations (55) serve to determine the coefficients a<j, a\, a s , • • * of the corre¬ 
sponding asymptotic development if one exists. 

« By adopting a more limited definition of aaymplotie seru*8 than that of Poinoau^, Watson 
has obtained a noteworthy theorem upon this question of uniqueness. Hee Philosophical Tram., 
Vol. 211A (1911), p. 300. 

» For noteworthy exceptional rases, see Htirx/mkr, Annalts de VEcoU Normal#, Vol, 13 (1K80), 
pp. 201-262. 

*« This ia true in general of the developments considered in Chapter II. 


= 0 


- 0. 
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14. The following consequences of the definition (nl) ure especially note- 

f(x) ~ a o -|- a\jx + <h/x‘ * • *» 

<p(x) ~ b o + bi/x + falx* -}- * • * 

(ii± In , <h d* fa . 

f(x) d= (fix) ~ («o db fa) + p ~H y 4 b ‘' * J 

f(x) • cp(x) ~ e 0 H- ci/vT 4" faAr 9 4‘ * * *» 
where c„ = ao&n + fli&n-i + « 2 &n ~2 + • * * + o n fa\ 

(c) f(?)l<p(x) ~ 4 4* di/u* -f* d«!x* »b ■ * *« 

provided that bo 4= 0, the coefficients do, d i, d 2 , • < * be in a deter mined by the enmUiima 
"do =* Mq 
- «i *= Mo + Wi 

. On ** bnd Q + K-\di + ' * * + hnd n ; 

provided that «o = fli = 0.” 

In other words, asymptotic series are subject to the same lnw* at ttddifmn, 
subtraction, multiplication, division and term by term integration m eumergent 
power series in l/x. 

For the proof of (a) we have but to note that 
f(x) = do + oi/x + a%fx* + • * * + a^xjx^ 1 + a " ; Hm *.,u) n, 

«»(*) = Jo+ 4i l* + b,l}?+■■■+ + ''• I. | im 

Thus, we may write 

m ± *.(*) = (a„± to) + • • • + («„-! ± K-0 l . + ( "- ■*' 1 ; 

x x H ’ 

lint y^x\ tt. 

As regards (i>), let us indicate by «.(*), T.(x) .ml S.u i rrqnrtiv.lv th< 
urns of the first n + 1 terms of the three aerie, in question. l'|„,-i„e f,.r f.r’. vit v 
fW <p(x) = *>, t,(x) - €, VC*) - e', S,(jr) = S, r.fj-) = T, X.tj■) X, 
lim = lim, we shall have 

e=+oo 

81 See PoiNOABf (l, c.), pp. 297-301. 


worthy: 81 

“If 

then 

(a) 

(b) 


(Mi) 

and 
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<P ~ 2 7 + ~ ; lim € = lim e' = 0 
P 

S- T - 2 + ^, 
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where /’ is a polynomial in x of degree no higher than the (n - l)st. 

Whence, 

OO-pH + S 

or 

•’■"[/ • <p - 21 = ft' + <?t + (/> - «') i . 

Now, lim / « fit,; lim ip — 5 0 from winch it follows that 
lim x n \f • — 2 ] sss (). 

For the, proof of (r) let us use the same notation as above except that 2 shall 
represent the sum of the first n T 1 terms of the series in which the coefficients 
do, du <k> *' • a])pear. Then, using equations (50) wc shall have 


/ « , 

■ - - ,y, + ri ; 7} ■■ 


<P 




and since lim *S a th Jim f b () 4 : () it follows that lim x n rj = 0. 
Moreover, 

Y sb 2 + w; lim £ rt 6 > = 0 . 

Whene •, 

lim 


iim ►r’* x n (r) + «) = 0. 

The proof of (tl) is readily supplied. We have from (53) when ao ~ cq = 0 
r» W «*, f, 3 , «< , ■ «n-l , «n + ^0*0 _ 

J, /( ' r), '' r ” + 2r>' + lij,- 1 +•■•+(«- 2)*-* + (71 - l)*"- 1 - 


,, r «.(•*) 




and, since lim e M (.r) = 0 , we may say that corresponding to an arbitrarily small 
positive quantity 5 there exists a constant such that | e n (x) | < S; x > x s . 
Whence, 

so that lim rf n (x) ®* 0 . 


x > x 8 
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In distinction, however, to the properties of convergent power aerie,., the 
term by term derivative of the asymptotic development of />/< wdl u«*t uccrs- 
sarily be the asymptotic development of fur). Thi-* m m*. 4 .•« ,ih du.w u by tin 
example. Tims, 

(i 0 

^ 57 ) /(j) « tr* sin (e*) ^ n b f 1 ^ I * * v" 

but since f(x) « - <T* sin (s') + eos (r'h tin* « \pr.- >io» lifit/Vf h n'.eiHiitory 
so that not only does the term by term derivative of tlm ’<nir-i * .V; * (oil to n pre» 
sent f(x) asymptotically, but /V) permits of no neb rcj»re-»ent<ttion ulmtr\er. 
However, if 

/(/)-% f ■■■ 


and if f'(x) is known to he developable n <ymptoh« idl>, then 


( 68 ) 


m • 


In fact, if /'(a*) were developable u .ymptntiralh in am other \w»\ limn .VO 
it would follow from («/) of the above re mit» that / j = \%*1 d» v rh»p,d 4 ■ u >v mp- 
totically in two dilTerent ways. 

16. In addition to the properties mb if*). u*» and off *,f j 11 «r m*ti a! .0 the 
following general result: 

“Let 

f{je) *> So 4 * w(x); tni} % 4,1 | f ! | ... 

X X" 


and let F(f) he a function of «r through / u hu’h, n-A m u mfJVn m 1 hr fun -> / ,i, f in, 
is developable as fallows: 

F(a Q + w) * F(« a ) *h F'[a «>«• f ^ ir I 
(69) 

t H * '>(««) „ t f-bun t hi 

T , u , iltll #„ s* » - • U 


+ 


C»~ Dl ‘ 


(as happens in paHwular when F{a§ 4* «*j m muityihv ut ?r •-» ti>, thm u r mop 

write 


+ ■ ■■ »£» ■ 

whore p%, p,, • * p„ are /Aa coefficient* of the mtrrriwrr err of 1 x ot-toiortt hy 
ovbitituting into (60) (m -clntiee of the term „ - ) th p„t „ hr m* tf ike ijivrn 
asymptotic development of w(£)“ 

®Of. Bbomwick, u fallalte Hnrm *’ (Uwntuii, luos**, p :ai 
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Iu fact, from (6) of § 14 wo may write 


F(ao) -h F'(ao)w 4* 


F"(a 0 ) 0 


21 


w“ -h 


+ f T~*«+?+3+ 


and lienee (59) may be written in the form 

F(a 0 + w) *= F(ao) 4“ 4- 4* • • • 4- Vn 4- ^p« n ; = 0. 


If we now write € n (w)w n in the form 


and observe that 


1 


€ n (w)lV n .V n 


lim e n (w)ir n x n = 0 


we obtain the desired result, 

10. We note in connection with the definition (51) that we have supposed x 
real and positive. More generally,/(.r) is said to be represented asymptotically 
by the series (50) throughout an infinite region T (usually a sector with center 
at x ™ 0) of the complex plane when, for all corresponding x values, the equation 

(51) exists in which lim is substituted for lim. In the case frequently pro- 
M w * »« 

sented of a single-valued fuuetion fix) having an essential singularity at the 
point x co, wt* note that the above mentioned region cannot completely sur¬ 
round the point x =• eo, since we should then have lim f(x) =* no for all methods 

| r | •» 

of increase of |.r |, thus contradicting the hypothesis that the point x ■» eo is 
essentially singular. 

Again, if f(x) and the region T be given, we observe that the necessary and 
sufficient condition that /(.r) he developable asymptotically throughout T is 
that there exist a set of constants «o» «i. «a» •••,«*, * • * satisfying relations (55), 
it being understood that the, values of x appearing in these relations are confined 
to T, In fact, if (55) exist we have (51) and conversely. The same relations 
(55), when employed as a sufficient test for the existence of an asymptotic de¬ 
velopment for f(x) throughout T, are usually difficult to apply and hence of 
little value in practice, since fix) is not in general so given that it is possible 
to determine whether the indicated limits (representing a<>, (H, a*, *••) exist. 
A sufficient test which has a wider field of applicability is supplied by the fol¬ 
lowing 

Theorem V. 33 Let f(x) be a function of the complex variable x analytic tcithin 
and upon the boundary of a certain infinite region T of the x plane, the point x ~ oo, 
however, being excluded . Also , let <p(x) — f(lfx) and let T be the region (having 

M Cf. Ford, Bulletin Sac. Math, da France , Vol. 39 (1911), p. 348. Lino 13 should hero read 
“ la point x - os toutofois dtant oxclu.” 
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the point x = 0 upon its boundary ) obtained from T by means of the transformation 
x = l/x'. If, then, for values of x in T the following limits exist: 

limcoOc), lim fa), lim <p"(x), •••, lim <+ n) (x), 

X=0 X=0 X=0 X=0 

and are represented respectively by <p(0), <p'(0), • • •, <+ n) (0), • • • ( these values being 
assumed independent of the direction of approach of x to 0 in T) we may write for 
values of x in T 

f(x) ~ a 0 + ai(l/aO + a 2 (l[x) 2 + ■ • • + a n {l[x) n + • • • 

where 

0) 

ak = * ^ = ( U>2, 3, --,n, •••. 


In order to prove this Theorem we shall begin by establishing the following 
Lemma in the general theory of functions: 

Lemma I. Let <p(x) be a function of the complex variable x analytic within 
and upon the boundary of a certain region T of the rr-plane, exception being 
made, however, of the point x — 0 situated upon the boundary at which point 
<p(x) may have any character. If, then, for values of x within T the following 
n + 2 limits exist: 

hm <p(x), lim p'fa), lim <p"{x), • •lim £> (n+1 )fa) 

and are represented respectively by p(0), «a'(0), ?"(0), • ■ »><*+■> (0) (these values 

bemg assumed independent of the direction of approach of a; to 0 in T') we may 
write for values of x in T 


<p(x) = a 0 + a lX + a 2 x 2 + • • • + a^x^ + [a n + r n {x)}x n - 
a °> ai > a *> "‘A being constants determined by the equation 


_ (p w (0) 


*** ~ kT~ ^ = ^ ‘ ‘i w)” 

In fact, under the above hypotheses we may write for any value of x in T 


(60) 


” <»(«) + *'(«)(* - 0 + ^ - o)» +... + ( * _ c y 


+ fif (* - f)V" +I) (i)<2f, 


value of * taken witiin U “d arbitrarily near to 0 
• i CaSt J lf X and c are each taken sufficiently near to 0) the inte- 

Tae poiTf-n ^ take place al t ° ng the straight line joinin S the P° int * = • 
an inWri 7 °‘ ^ CTStence ° f (60) may be readily verified by performing 
« or 0>1 y „+ S ™ tlmeS upon tllc last term in the second member. 84 
' Goursat > Couts d’Analyse,” Vol. 1 (1902), § 86. 
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If in (GO) we now allow a to approach the limit zero through values that lie 
within T' (x fixed), and if we introduce at the same time our hypotheses con¬ 
cerning the existence and meaning of <p(0), <?'(()), y>"(0), • • •, ^ (n) (0), we obtain 


( 01 ) 


PC0 - <K<>) + *>'(0).r + 


¥>"(0) 




<p ("“«(()) 

(n- l)t*" 


+ 


P w («) + r»(r) n 

i JE n j 


whore 

(02) r„(.r) = £ ( ~~ 1 )" ¥> '"' 


In order to complete the proof of the Lemma it thus remains but to show 
that with r„(.r) defined as in (02) we shall have lim r n (x) ~ 0 provided always 
that ,r remain in 7". 

Now, for all values of t on the line of integration in (GO) wo have 


Moreover, it follows from our hypotheses that we may find a positive constant M 
(independent of x) such that for all values of x in V wo may write j<£ { " n> C0 ( < M, 
Whence, if we place J.r | — p we shall have for the given value of x 


| r n (x) | < M C dp « Mp 

from whieh the desired result becomes evident. 

Theorem I follows as an immediate consequence of the Lemma upon sub¬ 
jecting the function f(x) and the region T mentioned in the theorem to the. trans¬ 
formation x w \{x'. 

We note also that if, instead of having f(x) defined throughout a complex 
region 7\ it is given as a function of a real variable x within the infinite interval 
(a, + 00 )» we may obtain in like manner the following Lemma and corresponding 
Theorem: 

Lemma II. “ Let <p(x) he a function of the real variable x whieh, together 
with its first n + 1 derivatives, is continuous within the interval (0, b), the end 
point a* = 0 being excluded. If, then, the limits <p(+ 0), <p , ( J r 0), <p"(-f- 0), 
• • •, <p (n * n (-f G) exist, we may write for values of x in (0, b) 


cp(x) * «o T* (h* + (h** + * * * + (tn-ix n ~' 1 + [a» + r n (x)]x n ‘ t bin r n (x) ■ 
do, au a%> • * *i tin being constants determined by the equation 

1 . 2 . 
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Theorem VI. Let fix) ho a function of the real variable x trhirh, Uujdher 
nth its derivatives of all orders is continuous throng hold the infinite interval («, <*>). 

f upon placing <p(x) = /(1/a:) the following limits exist: 

<£>(+ 0), ^("h 0), <p"i~\- 0), ‘ • •» 0), ’ * *» 

)e may write for values of x in (a, + 00 ) 


yhere 


fix) ~ a Q -(- ai H" + * " + «* 4* 


<pMi+ 0 ) 

5 ' h\ ; 


k = 0, 1, 2, a, •••,«, 


17. We observe finally that the use of tlu* symbol ^ is frequently broadened 
,s follows: " If/, <p and xf are three functions of x such that in the sense of § l.'i 
re have 




he same relation may be written in the form 


63) 


, , , arf . ns'A , 

, ^ 4 . a Q \j/ + ■ — 4- -jj-4 


Thus we write when x is real and positive (ef. § 12) 

log r(ar) ~ (x - J) log x 4” * 4~ l log 2ir + ^ ^ ^ \ 

Relation (52) may furthermore he written in the simple form / * «», this 

eing especially true in applications of the theory (such us the determination 
f Jim f{x)) wherein the values of the coefficients a h u 3l • * • pluy no part. 

likewise, relations of the form (03) may be written f ^ >p f a4?, 



CHAPTER II 


THE DETERMINATION OF THE ASYMPTOTIC DEVELOPMENTS OF A GIVEN 
FUNCTION 

IK. Let F(z) In* ti given function of the complex variable z defined throughout 
the finite s-pbuio and .such that (a) the point z = oo in a non-polar singular point 
and (/>) when \s\ is sufficiently large and ttrg z lies within a given sector A (center 
at z — 0) there exist two functions f A (z) and <p A (z) each defined throughout A 
and a set of constants u () , A , Ui, A , a*, A , * * * <t n , • • • such that for values of z in A 
we have 

m - Ate) + .+"p +y + ...+*•*+ ] ; 

lim w A) n(z ) = 0. 

Thou, according to the. definition of § lfi and the remarks of § 17, we may write 
for the indicated values of z 

F(z) f A (z) + <p A (z) £ n 0l A -p ^ + • • * j| • 

This form of asymptotic development is of frequent occurrence and of prime 
importance in analysis. The problem of determining for a given F(z) and A 
the corresponding / A (s), y A (s) and a a , A , aj, A , a%, A) • • • (assuming that they exist) 
is usually one of considerable difficulty and, when regarded in a general sense, 
is one for which hut fragmentary results exist at the present time. The known 
determinations appear to he either those for special functions of importance in 
Mathematical Physics, such as RessePs function J n {z)> 1 or for certain types ol : 
integral functions, notably those defined by infinite products. 2 

In the present Chapter it is proposed to show how the general theorems of 
Chapter I may be used, at least in certain cases, to make the above indicated 
determinations, In doing this we shall merely consider certain special functions 
F(z). No attempt will he made to obtain theorems of great generality, partly 
because of the difficulty of such an undertaking, but chiefly because of the belief 
that a few well-chosen illustrations suffice to adequately impart the spirit and 
possibilities ol the method employed. In each of the functions F(x) considered, 

»Be* for example Iammkl, "Bludien liber die Besaol’schen Functional ” (1868), § 17. 

»Bee for example Baenrh, PhUmaphical Tran&adiom, Vol. 199A (1902), pp. 411-600; 
ibid., Vol. 2CK1A (10011), pp. 249-297, Each of these memoirs contains an extended bibliography 
of the subject. Bee also Mattson, "Contributions k la Thdorie dee Fonctions entires ” (Thdse), 
Upsala, 1006. 
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only the functions / A (a), <p\(z) and the first one of the constants a n>x which Ls 
not equal to zero are determined, since these three determinations constitute 
what is essential to the study of the behavior of F{z) for large values of j - j, 
The method, however, permits equally of the determination of any one of the 
coefficients a n , 

The functions F(z) considered fall into two classes; (a) those defined by 
infinite products and (b) those defined by infinite series, ruder (u) \vr lmvi‘ 
eventually considered (§§ 24-28) the asymptotic behavior of the general integral 
function of order > 0 —a problem to which considerable attention has been 
devoted in recent years 8 and in connection with which we have entered into 
considerable detail owing to the importance of this and other analogous con¬ 
siderations in the general theory of functions. Under (It) we have eventually 
considered (§§ 28, 29) the asymptotic behavior of functions defined hy power 
(Maclaurin) series —a subject of evident importance owing to the essential 
rdle of such series in analysis. The treatment for the latter is brief and indeed 
but fragmentary, yet it is believed that the most important known re.*nits uoide 
:rom those which concern the solutions of linear differential or linear difference 
equations) 4 have been indicated. 

The determination of the asymptotic character of functions defined in other 
vays than as infinite products or infinite series might well have hern considered 
ilso in the present chapter, as likewise the corresponding problem for certain 
mteworthy special functions. 6 We have, however, limited aumdveu in the 
Manner indicated above, feeling that not all aspects of the rmbjert could receive 
;reatment within the limits of the chapter while those of the greatest permanence 
n the general theory of functions have been included, we believe, through the 
>resent selection. 

19, Example 1. To obtain asymptotic dewlap mads far the furniim 


1) 


E{ z ) » £; 


S(2»+ i )*-M’ 

We here choose a function which, as a result of the well-known formula* 


tan z 

“2 x " 


, 1 

*(2»+ l)’’ 


Kthnhimjh Tun in , 

pi* 27a iiw.. 


* See note at the bottom of page 44. 

*See Chapter III. 

* For miscellaneous invocations of this description, «« lUnstn 

r°!‘ PP ' 425-4391 Froceedinga London Math. »SW., V«I. a (IWW), pp z ,4 w:i 

ol. 5 (1907), pp. 59-116; Transactions Cambridge VhiUmphmd Hoc., Vnl. get <11)07*. pp g;,;j 

M nol ''■! Vo1 ' 38 (1907) ' W- l M. llh , 

lWn » l9 82W70 360-3 S) hrm '‘ V00D ’ <■«**/«• niUm,,,hnl W , V..1, an 

pJ«?T886rni7! Pl0 ' T ““ ry ' 8 'OiUioducUon 4 la TMoria ,lw (IW vari.il.k-" 
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may be evaluated in the form 
(2) F{z) - 


7T fi” ™ 1 

’is 'c** + 1 ’ 


and this fact will enable us to cheek our subsequent results. 

In order to obtain the asymptotic developments of F(z) as defined by (1), 
let us place 

/«("') " , )2+ jS 

and regard a as having any fixed value z — p up i ™ V— 1, lying in a sector 
(center at z 0) situated in the right half of the z complex plane and having 
neither of its bounding lines coincident with the axis of pure imaginaries. Then 
/,()/’)i considered us a function of the complex variable w ~~ .r ■+ iy, satisfies the 
conditions demanded by Theorem IV (a = - 0) of Chapter 1, except that in ease 
|r/|> 1 the same function will present, a single pole of the first order at the right 
of the pure imaginary axis, this polo being situated at the point w = — 1 — is ) 

if g > 1 and at the point w • $( — I -f iz) if q < — 1. 

Thus wo may apply the theorem, subject to the remarks of § 11, in order to 
obtain an expression for the sum 


Hf.W; jc> p. 


We shall now distinguish between the following four cases: (a) |</| < 1, 
(h) </ > 1, (e) q < — 1, (d) q ** db 1. 

In (a) we may make direct application of the theorem. Taking m = 0, we 
thus obtain 


■t i 1 (" 

® f 1 , (2 jc + 1 )= + s’ ^ C ‘ + ! 

where 

C-t) £2.(.r) - - i jf” 


(2x+l) s +s“ ^ ‘(2x+ l) 3 + 2 2+n,( ' r) ’ 

9 f»(x + iy) — f,(x - iy) J 
_ i a y 


and 

(5) 


a. 


i 

2(1 + s 3 ) 


0 .( 0 ). 


In these results let us now allow x to increase indefinitely, observing that 


fv. 


dx 

: (2x+ l) 2 +> 

and that lim Q,(x) ■» 0. We obtain 


, } ” 

2 z 


arc tan 


2x + 


lT’ a "_ £_I 

Jje „ 4a 2 z 


arc tan - 


4 
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I)KTEimtN.\Ti(m ok Asyuernrir l»Kvr4,ui*Mr,\rH 


/ , 1 

4s ' 2(1 + s a ) 


1.(1 ’I' 2ii/r I' 11 2nr ; \ r Jr*-* - 1* 

Upon developing the various tcrmiof tin* -avond utemher in tr rrudiug jutwi r^ 
of 1/a, we thus reach (Theorem V, (‘lmpter II llir rrlniiim 

( 7 ) 

in which the coefficients n*, m, ««» * * * mny hr rualmifrd it, am «h* drnd 

In case (6), equation (2) and hence tf«i al *<», will runfimsr t*. I»*4«t trm* iie„ 
cording to § 11 provided that we subtract from it-. •*•»•»«ml member ihr r* 
of the function 

(8) U»« , '+ U' S'llr’* - I) 

at the point w « — $(l + h) whie*h (residue! i» rnu)it> fmiml * i, ( hapter 
I) to he irl'2z(c. wt + 1), Since, for value-* of s within the jumjh* .* d ,<thi ^ 
function is developable asymptotically in the form *u • of t },«p!,*r l with 


it follows that relation (7) holds true also in tmr it*i. 

Similarly in ease (r) we have equation till except irf, | ISs that ur mod now 
subtract from its second memlwr the residue of s hi «t , r — It 3 ,- «n,t H tu* 
that of the function 2wif t (w) at the same point; i» *•., *«< wmi mhtnu t the ex¬ 
pression 

11 1*5 2sir mt f If 

Thus, as in case (e) we see that relation (7) agniti hold. trm*. 

Moreover, the same relation continues in nine stfi a *4 iipjM-strs hi writitij* 
F(z) in the form 

m "l-l,?* £«, t ir f - 

and applying the method of ease (a) to the summntmu here ap^rm^ «h** 
recalling that in one and the name region there mis rni -4 but *>m- *mtnpt».tM* 
development for a given function. 

Similarly, if we note the effect in (4) of sttpjmdtig the real part s t»* I**" 

negative, we find that when s m situated in a m4or lying within thr hit half J 
7 be noted that by ualngaauffiricmly h m * value rf»*, it, « w 4,««Tl^rr 3 J'i \ i !,,!* 

° f wlfk * kmt « «» » relatively wmuph hxm u*nUm» IWto.mI’* 
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the plane, relation ((>) continues to exist provided that the term ir/Az he replaced 
by — 7 r/*la. 

Thus in summary we may sny that throughout any xeetor (vertex at z = 0) 
of the. z plane whirh doex not contain port lotus of the. pure imaginary axis, the f unction 
F(z) defined by (1) may he developed axymptotically in the form. 




wherein the upper or lower xign ix to he taken according ax we are dealing with a 
xector in which the real part of z ix punitive or negative. 

This result, which is at once seen to he consistent, with the known relation 
(2), illustrates in simple manner the way in which asymptotic developments for 
a given function may he ascertained, at least in some eases, by means of the 
general theorems of Chapter I, This will he further illustrated in what follows, 
wherein we shall eventually consider eases of much greater generality.” 

20 . In § 19 we have considered asymptotic developments of F(z) (ef. (1)) 
whieh are valid in sectors situated in the right or left halves of the z complex plane. 
We proceed to show how the same method may yield analogous developments 
holding for the upper and lower halves of the plane, exception being made natur¬ 
ally of those (pure imaginary) points corresponding to the values 

z ’ • (2a + 1)/; n = 0, 1,2, 

at whieh F(z) becomes infinite. 

For this let us consider the function 


4»(*> - Wz) - E 


i 


U(2»4- l) 3 - a 3 ’ 


Regarding z at first as real, we place 

m ( 2 * + 


1 

1)*- 3 s 


and again undertake to apply Theorem IV with m = 0. This can be done only 
in ease ip»(w) is analytic in w throughout the right half of the w plane. IIow- 

* In this special instance before us it may be shown that a t ™ m - a* — • • • 0. In fact 

if we substitute in (7) the form for F(x) given by (2) we obtain 


* F — 1 1 ..M' *r J 1 

Az L ti** + i J " 2* L 1 + e*** J 


where the upjH»r or lower sign is to be taken according as the real part of z is positive or negative, 
and this relation is seen to be true when at *» m • • • — 0. It is to bo noted, however, 

that in gt nrral if a function is defined by a series of the type of (1) (ef. (12)) no formula analogous 
to (2) is at hand. The indicated method for determining the asymptotic development of the 
function, however, remains the, same, thus leading to coefficients u«, a u at, •••, which are in 
general not all equal to aero. 
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wer, we are concerned with large values of \z\, and whenever \z\ > 1 it in evident 
:hat <p,(w) will have a pole of the first order within the indicated region at the 
Doint w = (a — l)/2 or w = — (z+ l)/2 according as z is positive nr negative. 

Let us first consider that z is imitm. We proceed to apply the theorem, 
subject to the remarks of §11. 

Since the residues r p , r p of the functions 

it w = jS = |(2 — 1) are respectively 


o that 


7T 7T 

S’ 2<s(fi w<, ri' l) 


Dj ~ aV 


7T r" - i 
I 


may write (at least when x > \(z — 1)) 


V_ x 

"o(2*+l) a - 


' 6b + 


7r e*’ 8 - t 
4/2 C wia + 1 


O r**c«— d—• 

[ + 

0 


I" )<• 


(hr 

u- + 1 ) s -s> 


1 l 

"2 fir I I d 


.... 1 


i which C, and Q s {x) are obtained by changing f to - z J in ( h anti o*j. 
But from elementary considerations, the third term in (tl| reduce > to 


1 ( 2 + 1 )( 2 / -}” 1 - S ) 

4* g (a- DWtL 1 f s)* 

Whence, upon allowing x to increase indefinitely we obtain (s * 1f 


m 


■0) 


’L e9it 1 i 1 i 1 , * + l 



l 

(1 + 2 iyf 


1 

(1 - 2 iy? - f 


id hence (Theorem V, Chapter I) 


1) #0b) 


y e '''-V’+ 

4tae wU + 1 1 { 



fiij 

* • ■ i 


here 6 2j &4, • • • are determinate constants. 

This result may now be generalized to all values of 3 belonging t« » wtor »S* 
enter at 2 = 0) lying in the right half of the s plane, exception being miidr. iw 
ready indicated, of the points 2 - 2n + 1; n - 0, l, 2, .... l„ f llH , Wr f $livr 
t to suppose |a|> 1 to have in (10) two expressions equal for jHwitivi* vitlnes 
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of z and each analytic throughout F and hence equal for all values of z in the 
same region. 0 Moreover, the. last term in the second member (like the two 
preceding) is readily aeon to be developable in ascending powers of 1/s 2 , thus 
leading to a series which, in the sense of § 13, represents the same term asymp¬ 
totically for all values of z in S. 

Likewise, the same relation (11) is found to hold true for a corresponding 
sector in the left half of the plane, exception being made of the points 

z = - (2a-f 1); n = 0, 1,2, - - • 

so that, having replaced z by — iz, we may say in summary that throughout 
any sector (vertex at z — 0 ) of the z plane which doc ft not contain portions of the, real 
axis, the function F(z) defined by (1) may he developed asymptotically in the form 


m . 


7T C 

' 4z C n 


!+>+?:+ 


This result is again seen to be consistent with the known relation (2). 10 
21 . (icneralization of Example, l. The method above illustrated for deter¬ 
mining asymptotic developments is in general applicable to functions F(z) 
defined by series of the form 


F(z) = I 


y{n) 
IMn) + piz) 


where p(z) is an integral function of z and where X(a), pin) are functions of n 
such that Theorem IV, subject to the remarks of § 11, may be applied to the 
expression 


/.(«•) 


pile) 

Mu') + p{z) 


in order to find for a given value of z the sum 

xb.M. 


We observe in particular that by taking p(z) =- z<* (r/ = integer 1” l) the 
expression F(z) (or the sum of a number of such expressions) comes to include a 
wide variety of functions having radial clusters of polar singularities in the 
neighborhood of the point z » so a characteristic common to many of the 
more important functions of analysis. 

In eases where /@(«*) cannot be considered as a function of the complex 

9 It. may be remarked that the. last term in the second member of (10) is analytic throughout 
*S f (h| > 1) iMsnuwe the improper integral involved converges uniformly for valium of z in any 
sub-region »S" of S whose boundary does not touch the iwamdary of K. (Cf. Osuoon, “Enc.yklo- 
pftdie tier math. Wins.,” II, 2, § 0.) 

10 In view of the same relation it apjamrs from (11) that in the. present simple case we have 

bt 75 In ■ h*. » 0 and that the symbol ^ may be changed to =*. Cf. note 8, p. 35. 
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ariable w = x + iy but is continuous in the real variable x we may frequently 
etermine the desired developments by use of Theorems I, II or III of I -hapter I 
subject possibly to the remarks of § 10). The manner in which Theorem I may 
e thus used will be shown in the following example wherein an important 
ype of function F(z) different from that of § 10 is taken. 

22. Example To obtain asymptotic developments for the fuiwtUm 

m Jw-ijO+JJ. 

As in example 1, this function may be evaluated beforehand and takes the 
)rm 

I® w- a "zr-‘ tt 

ius furnishing a check upon our subsequent results. 

We begin by writing 

A) log F(z) = £ log I" 1 + 41 == lim [ £ log (*r a 4“ 2 s ) — ~ log x I . 

n.-ssl L J «f-3» L * l J 

From § 12 we have 


■“ 2 Slog x =* — 2 log r(a?) 
.5) »-i 


— log 2r — 2(x — j) log x 

+■ 'Jx -f on(s); lim W|f.r) 0. 


le proceed to apply Theorem I (Chap. I) with m 1 to the first summation 
i the last member of (14), taking for this purpose fix) log lx* | r) and 
ipposing for the present that z is real but different from zero, The theorem 
iay be applied since the series (27) (Chap. 1) becomes 


®*( x ) - 2 | ^slog (4- 2 + 2") | y-ifO lit, 

hich, as in (38), may be written in the form 

“Till2?‘"K ^ }„ ..J 0 < «»< 1 

d is therefore convergent. 

Thus we have 


Slog (x> + a s ) = 4 log (1 + a*) + 0,(1) 


+ £ loff (** + •‘lie - | log (x* + i=) il,(x). 

11 See, for example, Tannery, l. c., § 121. 
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Moreover, 

f log (vT 2 + z*)dx « x log (> 2 4~ » 2 ) 2x ~f* 2a arc tan X 
J z 

ao that by combining relations (14), (15) and (10) we obtain 

log F(z) *= — log 2 tt *— | log (1 4~ a 2 ) — 2s are tan \ 4* 2 — 0^(1) 

-b bm j (»r — §) log ^ 1 ~f ■ 4- 2s are tan *4* wi(.r) + 0 4 (.r) J . 

But 

bm (.r — |) log (1 -f "a ) =* 0; lim wj(.r) = 0; bin S2 Z (^) « 0, 

and, supposing at first that z is positive , we shall hare bm 2 z are tan (x/z) » ttz. 
Therefore, we may write (z real > 0) 

(17) log l'\z) — log 2 wz 4 - wz — | log ^ 1 -j- + — z are tan ^ — ft,(l). 

On the other hand, if z is negative we obtain 


log F(z) ^ — log (— 2«) tz | log ^ 1 4- ^ 


f- 2 ( 1 — s arc tan 


\)-iUD. 


We now observe that the expression ih(l) is a function of z which is single 
valued and analytie in any region whose boundary does not cross the axis of 
pure imaginaries. Whence, within any region Ai situated in the right half of 
the s plane, ecpiation (17) may he used, while similar remarks apply to equation 
(IK) for values of s pertaining to any region Aa in the left half of the plane. More¬ 
over, if the boundaries of Ai and As are not tangent to the pure imaginary axis 
at oo, the function ih(l) vanishes like l/s a when |s|*= oo in Ai (or A a) and is 
developable asymptotically by Theorem V, Chapter I, in powers of 1 /a* within 
this region. It therefore remains hut to apply the result stated in § 15 in order 
to say that throughout any sector (vertex at z ®= 0) of the a plane which does not 
contain portions of the pure imaginary axis, the function F(z) defined by (12) may 
be developed asymptotically in the form 


T-r °< jl 

•[i+ ? +p+ 


wherein the upper or lower sign is to be taken according as we have a sector in which 

the real part of z is positive or negative. 
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This result is at once seen to be consistent with the known relation (13)4 
23. We proceed to show liow asymptotic developments for the F{z) of § 22 
may be obtained which will be valid in sectors that may include the pure imagi¬ 
nary axis. For convenience we shall convert this problem into the following: 
“ To determine asymptotic developments for the, function 

(19) i'(«) = 4>(») = n [ i - £ |. 

which shall hold good throughout certain sectors that include the real s axis.” 

Considering at first that z has a fixed, positive, non-integral value > 1, we 
proceed (cf. (14)) to study the expression 

Zh)g (ar - s 8 ) - 2 Xh»g a* , 

*sal *■ 1 t 

in which we agree to write log (a: 9 — s 2 ) = log (s 2 — /') b ni whenever .r z. 
Then e m = $(*). 

In order to obtain a form analogous to (1(5) for the first sum here appearing, 
let us place <p s (w) = log (w+ z) 4 log (ip — s), in which it is understood that 
the function log ( w —• z), considered as a function of the enmplex variable w, 
is rendered single valued throughout the right half of the ir-plnm* by means of a 
cut extending from the point w *» z vertically downward to the point «* ^ . 

We shall then have 


(21) 

Xlog (x z - z s ) » X <?»(*) « 

gsl *«al 

*0 # » 

Xh>K (x 4' 2) 4 Xt‘ ! K hr - z) 

jp.o * i 

and we may at once apply Theorem IV (m = 0) of (‘hup. { to the first mm in 

the last member, thus writing 



!«— 1 

Xlog (x 4- z) = J log (1 + a) - 

- 0,(1) 

(22) 

«=sl 



+J 

1 log (X 'f z)tlx - § log u f f 

where 



(23) 

0,(x) = — i j log | 

f x 4 iy 4 s \ dtf 
~ hf 4 S ) r* 9 * - I * 


The second sum, however, can not be treated in the same maimer owing to the 
presence of an essential singularity of the function log fir - z } at the point 
w = «• this case a related method yields the desired result tin we shall now 

show. 

18 By means of (13) wo may show (cf. note 8, p. 35) that in the pr.wnt mnianrr 
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Lt't uh take for this purpose the integral of the. function 

J /■ («0 1»K («’ “* »). <p(w) = (? niw ~ 1 

with respect to the complex variable w from the point w = 2 — ij (j = any 
real, positive value, arbitrarily large) situated on the right vside of the above 
mentioned cut, around the open contour AHCDCKFGFHI indicated in the 
following figure, the integration terminating at the same point on the left side of 
the cut, and it being understood that the two closed loops CD and FG include 



respectively the points w 2, 11, 4, • * *, p and w » p + 1, p 4“ 2, •••,&— 1, 
where p is the integer for which p < s < p 1; it being understood also that the 
eltnanl curve Bt'EFll forms a circle of arbitrarily small radius £ with center 
at the point tr z. 

It follow-** from CMj of chapter I that we may then write 


log Co* — 2 ) 


Jvtt *p{ a) 


■f 

Jl/f 


fM 

<p{w) 


dw, 


where f7) ami GF denote respectively that the indicated integrations take 
place in thi* positive sense along the closed contours CD and GF. 

Whence, we have also 


(2-1) ii 1»K U - s) " l"U (!-=) + Xiol) du> ~ iw ‘ 

in which C imliciitcs an integnttiim over the entire contour from A to I, while 
L indicates on integration over the open loop ABOhF III. 
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Let us now replace C, as may evidently be done, by the figure in part rcc- 
:ilinear and in part semicircular AbcdefgUjkl whose vertical sides (produced) 
D ass respectively through the points w *= l,w = .r. With the understanding 
that the radii of the arcs jiA, ede are each equal to e, wc have now but to refer to 
the processes employed in § 8 to see that by taking j “ we may write (24) 
“n the form 


log (a - z) — J log (1 - z) — Q-*(l) 4 * f log (w ~ s)dtv 
(25) * =1 r /,<«•> 

_ j i 0 g - a) — ih.,{x) + F{t) — I' ^ ^ 


du', 


where the path M extends from w = 1 to w = a* over the curve 1 FFCx, where 
La, denotes the path resulting from L by placing j — f », wlu're U A*r) is the 
expression obtained from (23) by replacing z by — s and whore Fit) denotes 
m expression which becomes infinitesimal with t and may therefore be at once 
reglected. 

Now, 


!26) 


/ log (w - 


z)dw ~ [(«; * 

- (»- 

Again, we may write 


z) log (w - 
1) log (l - 


• a) - a* 

*)+ i 


4- ( 4 * ~ 2 ) log U ~ a) — x. 


/• 


' fM 

<p(w) 


dw * 


2 in 


log (w — 0 ) log (c” ! 


l flog tr 


2wi J 


dw 


is appears by an integration once by parts. Whence, 

Xtfw) ^ " lt>K “ II h»g (r **'* - IJ. 

Jpon placing j » co and making use of the relation v •*'* - 1 2/r ■' mii irr 

t thus appears that the last term of (25) (the coefficient. - 1 included 1 h equal to 
- log (- 1) -f log (— 2 i) - wiz 4“ log sin wz - log 2i - xiz I lug :>iu nt. 

Let us now combine relations (20), ( 21 ), (22), (25) and (2b), 11 %idling mtr- 
elves also of (15) and of the facts just observed concerning the luxt term nf i' 25 ). 
Toting mutual cancellation of terms and placing 4 * =« in the final remit, me 
rrive at the relation 


t(z) = log sin irz - log 2 tt 4- log 21 - ra - J log (i - s’) 

4* s log J “ * + 2 - 0,(1) - SI.,U). 

If we now write 


-1 log (1 ~ s 2 ) » — log k — | log (l — 


3 log 


1 — 3 

1+3 


ir« + 3 log 


2 ~ I 

3+ I 
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and then introduee tin* relation 

— log 2r - log h -f log 2 i = 
we may therefore write 


• log TTZ 


11 (: 


Hill jtz f I\ / >» __ i \ 

.) = 1„ K ^ - § 1„ K (l+(li + s li>K ~ + J ) - [«,(!) + Si—(1)1. 

Kimilitrly. wc nrrivr tit tin* sami. result when 3 1ms a negative miu-liitegrtil 
value. 

Furthermore, the function 




dy 

m 1 


in .single valued and aiinlytie throughout the portions of the z plane lying to 
the right of the line s 1 l \y and to the left of the line z • — 1 -} iy while 
the name function is developable asymptotically by Theorem V, Chapter I, 
throughout the same regions in the form 

Noting that for the function d*U) defined in (10) we have <f>(— iz) ** F(s) 
where F{z) is the original function (12), and recalling also that 


sin r( -- iz) . 


2rz 


we may nay in conclusion that throughout any sector (vertex at & » 0) of the s 
plane which does not contain jmrtitms of the real axis, the function F(s) defined hy 
(12) may he developed asymptotically in the form 


F{z ) ”*»• 






Thin result is mm to he consistent with (13), 

24. We proceed to the following more general problem: 

Km m pic ,1. (firm 

or 

tf* % frf. * \ fl/* V f P - integer £ 1 18 

* II \ 1 »*V cxp 5* U l/ V 5 i P £ P < P + 1 

according m 0 < p < 1 or p 15 L To determine asymptotic developments for F(z ), 
11 We adopt the familiar notation exp x for e*. 



This problem, in view of the important Wile which the F(s) thus defined plays 
in the modern theory of integral functions, has already received considerable 
attention. 14 Our purpose here will be to deduce through a uniform method based 
on the fundamental theorems of Chapter 1 the known results together with 
others of a supplementary character. 10 

We shall suppose at first that p is non-integral and > 1 (/> < /> < p } 1, 
p = integer £ 1). Also, for the present z is to be regarded ns having any fixed 
value (real or complex) except one of the following: 2 1 "’, -I 1 A • • •. 

The method then requires that we take for consideration the expression 
(cf. (20)) 

(27) H(z) = lim("£log (x <r - z) - <rZlog * + II £, *(;» ) I; a 1 /> 

in which the value to be assigned to log (x" — s) may for the present be taken in 
any manner consistent with the equation exp log (x* — s) x* — z. 

Then exp II(z) = F(z) where F(z) is defined as above*. 

We proceed to study the behavior of the first term appearing in brackets 
in (27) when x is large. 

Following the method of § 22, let us place 

/.(») " l‘>g (»* “ «). 

where vf is understood to be so defined as to he real when w in real and positive 
and where the logarithmic function is understood to be rendered single udued 
in w throughout the right half of the te-plane by means of a rectilinear cut ex¬ 
tending from the point w ■* s'* vertically downward to the point w ••*>, the 
value of a* being determined in accordance with the following convention.: if 
z = r(cos cp + i sin <p) then z p ~ r^eos py* f i silt pv*) subject to the relation 
— 2ir < <p S 0. The function /,(«>) having la*en thus defuusl and defined 
uniquely for every value of w whose real part is jawitive, let us now tjupo i*- for 
the present the additional condition upon s; viz., mil jmt i>j z* * 1; i, r., 
r p cos ptp > 1. Next, let us consider the complex integral 

v<w> * - 1 

14 See Mkllin, Ada Hoc. He. Fennim\ Vol. No, 4 itfUWj; Umim >», plr.hi t 

Yol. 199A (1902); LinmlOf, Ada Hoc . He. Feimiem, Vol. III iWm^ j». XA, \lni%**, Aiiv. /uf 
makm., VoL 1 (1903), p. 105; Mawhon, h (\mtnlmtkm* I In tfiri if|i» ilrii fnftr! rliln’frti “ 

(Thdse, Upsala, 1906); Hakoy, QmrUrlg Jmtrn, nf Math , \«>l ;t7 iPitOU 1 . pp I pi l,';* 

Aimak of Math., Vol. 2 (2) (1910), pp. U5 127. 

“It may be observed that this prublivu differ* from flu* carter mw »,*■> „i„.„ „( j* jp, 

20, 22 and 23 in that no formulae are at hand imnlitgoux to (2) uitd i;ti be t»heh v,. jvo<le* 
beforehand the eharaeter of the solution. The present problem ti,. rep,re il}. ( »tr,u.* t.. **«*! 
advantage the value of the methods which we have been u«)ng, 
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taken from the point w = z p — ij (j — any real, positive value, arbitrarily large) 
situated on the right side of the above mentioned cut, around the open contour 
C = ABCBDEFGHGI indicated in the following figure, which contour, as a 
result of the above condition r p cos pp > 1, necessarily includes the point w = z p 
within its interior, it being here understood, as in Fig. 2, that the point I is the 



Fig. 3 


one on the left side of the cut corresponding to A and that the closed loops BC 
and GH include respectively the points w = 2, 3, 4, • • •, q and w = q + 1, 
q + 2, • • •, (x — 1) where q is the integer for which q < real part z p < q + l 16 ; 
also that the curve DEF forms a circle of arbitrarily small radius £ surrounding 
the point w = z p . 

Corresponding to relation (25) of § 23 we thus obtain 
!c log (x* — z) = i log (1 — z) — G*(l) + f log (w* — z)dw 

*=1 M 

— i log - z) + Q,(x) - dw 

where M indicates an integration over the path 1 GFEDBx, 17 where L indicates 
an integration over the path ADEFI in which, however, the points A, I are 
now supposed to be taken at an infinite distance along the cut, and where Q z (x) 
is given by the formula 

16 In case real part zp = q = an integer , the indicated loop HG, instead of containing w = q 
in its interior, will have this point upon its boundary. To obviate the difficulty thus arising, 
let it be understood in this case that the cut does not extend vertically downward from the point 
w — zp but first extends an arbitrarily small distance to the right of this point and then vertically 
downward as before. The reasoning which follows will then apply. 

17 In case zp is real and > 1 the path M becomes the curve, in part rectilinear and in part 
semicircular, 1 FECx of Fig. 2; while if imag. part zp < 0 the path M may be taken as the straight 
line lx (Fig. 3). 
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(28) 0 

or 

(29) 


• f* lo s lQ g [fo — wY — z 3 


.(*) = —i I 

Jo 

n ,. • f"i r (* + *?)' - z l d v 

a,(x)--,J o H[ {x _ is y~\-^rzr- v 


-iy 


it being understood that the integrand of (29) is so defined as to be equal for 
all values of x and y to the integrand of (28). 

Now, an integration once by parts shows that 

J' log (w a — z)dw = W log (w <r — z) — <TW — <JZ J w f W _ z • 

Whence, 

f log {w* — z)dw = x log ( x a — z) — ax — az f - -log (1 — z) + a. 

Jm Jm w ~ 2 

We have now but to recall the formula (15) to see that the first two terms in 
the square bracket of (27) combine into the following: 


X—l 


£ log (w° — z) — a X) log x = log 2n — i log (1 — z) 

x=l x=l 6 

(30) - 0,(1) + «(*) + <r + (x - |) log (1 - pj 

C d™ , ^ / N f/* 0 ) 7 

— I —;-b ®z(%) — I —7““r dw . 

Jja'W* Z w Jl<p(w) 

We turn next to consider the third term appearing in square brackets in (27). 
By use of the well-known relation 18 

» ( A _ -i | 1 | 1 | | 1 | nl ~‘ , n (»\ ■ l real part V > °> 

m - 1 + 2< + 3t + + (n _ i )t + 1 _ 1 + e t (n), | lim dtin) = 0 

»= 00 

wherein f represents the Riemann f function, we may write 

z=l V-1 V \ X J V=1 V v=l v \l — (TV J 


( 31 ) 




z 


v=l 


v=\VX 


,cv —1 


p 

<rE 


(1 — crv)x 


><rv —1 


$.(*); 

lim £„(a:) = 0. 


Whence, upon observing that the sixth term in the second member of (30) is 
of tike form 




y.cr v —1 


r)(x); lim r)(x) = 0 


v=l vx° 

18 See Petebsen, “Yorlesimgen liber Funktionstheorie” (Copenhagen, 1898), pp. 161-169. 



also that lim 0*(.r) " 0, we arrive at the following relation after combining 
(27), (20) and (21) and placing x '* tj® 

(22) //(s) « ™ l log 2* - § log ( l - a)-il.(i) b £ ftcra) -+«(*) dw, 

where 


( 3 . 1 ) 


S(s) ■» lim cr j 1 i 


JU %* 

~I C t ~ 


, r . rf "' i 

J M nf - aj 


The properties of »N(s) will be considered in further detail later. For the 
present we turn to the hist term of (22). 

By placing 

« ” /**«■) log lie* - s). th - j ~ __ j 

8c> that 

cw 0 ^ 1 

dii *» „ dw, r « .log (r 3 *"* — 1) 

it' 1 ' — s 2« n 


it appears that 

f 

(24) 


j v(w) tlw 41 2jri l ° K <“*' ” ,W K ~ ! > 


■Lf 


W — 1 log (rr-**** - J) 


in* 


dw. 


Now, the difference between the value of the first term here appearing cm 
the right when considered at the point w >>• .( and its value at the point w ** I ia 


(25) 


log [~ 1 4 exp — 2r* (mil part s* — y)l 


as apjamrs by making the substitution ir' ™ i or r ra i* and evaluating the 
resulting expression be*tween corresponding $ limits. Moreover, by means 
of the same substitution the second term in the right member of (34) becomes 


( 20 ) 


1 Flog 1“ \ + exp - 2r«*J^ 
"Jrij » - a *'*' 


where the integration is extended over a contour in the » plane which includes 
no singularities of the integrand except the* simple pole at * *■ s. But the value 
of (20) is evidently the negative of the residue of the integrand at the point 
» ** s; i. <*., — log (— l + exp — 2vis |, J. 

Hi nee the expression (35) becomes log (— 1) in the limit as j ** °o, it thus 
appears that 

(37) fp(w) dw " io * l“* 1 + e *I> “ 2«V). 

If in (32) we place log (1 — a) ■* log (— s) + log (I — 1/a) we may there- 



fore write the original function F(s) in the form 

(38 ) m - A{z)im, 

where 

and 

(39) B(z) 


A(») 


— t rl win jr;* 1 

s'lwz* 


— V— a*^2jr — i fejrs* 


« exp £ £ f (o') 4* «(=) — 0,(1) ~ | h*g ^ l - „ ) J • 


Thus far we have supposed 3 to have any value (real or complex) -neb that 
z^n llp ; n™ 1, 2, 3, •••, and such that having plneetl rtco-i ^ | i sin y) 
and agreed to write s* »= r^cos py* 1 ' «>* w) with ;*.v * y ’ t>, we have 
r p cos pip > 1. We now proceed to study in further detail the expre.mui His) 
and for this it is desirable to remove for the present all restriction t a. regards 
thus enabling us to determine certain funethum! properties of the .nine expre tutu. 

We turn first to the expression 0,(1) whieh npjtenrx in H.) ami which by 
reference to (29) is seen to be defined by the relation 


(40) 


0 ,( 1 ) 



(t 1 hY 

a - *>r 


■hi 

r*** - f ' 


For a given value, real or complex, of s this U,( l) evidently has a meaning unless s 
be such that the equation (1 d: iyY m s has a mi/ solution in y. In order to 
determine the values of s for whieh this hnpjien*, let us phtee 

a -s r(ros y } » win y) 

and make the conventions already indicated n« to the iiieaning of ?.*. I'm- the 
exceptional values in question we must then have 1 t iy r'o-ns ,»y t i in /v> 
so that the same values are those lying on the locus of the eipiatiou r* rm py 1; 
— 2ir < <p £ 0. Whence, if r he large the same values wifi tend to haw an 
argument of the form — (2» + 1 )w/2p wherein « is a positive integer for whieh 
the same argument lit® between — *2r and 0. Again, if the lin ns just mentioned 
be drawn, the z plane is thereby divided into jHirtions in each of whieh I/,(!) 
is a single valued, analytic function of s, since within any sub-region V lying 
wholly within such portion the convergence of the integral in (-10) is readily seen 
to be uniform. Moreover, if arg x has any value other than one of the exceptional 
type just mentioned, we may write lim 11,(1) « tl. In fact, upon reference to 

Theorem V, Chapter I, it appears that under such hypotheses we shat! have 


0 .( 1 ) 


0% a% «j 

~7 + 1 " + e + 


$ 


where tire coefficients <*i, o», • • * may be obtained by expanding the integrand 
of (40) in ascending powers of 1/s and integrating term by term. 



Secondly, we turn t** the exprr * hm .S‘(s) defined hy (33). Since 

"(«’* - 2) 


«• 


.. <> . 


we tuny write 

Ml) 


/* die A B*‘ r 

1 . , > 1, ,ioi I 

J «( - -2 /:1 (t write’" * ’ * J «>*»> 


dm 
(m* - a)' 


Whence, recalling thnt M extends from w 1 to w • x, we obtain the following 

Mrtft # * 


relation 

m 


Sit\ 


„l< 




l nr 


»|#« 


, f I 

,h U-*>'{ W* ~ 3)J > 


when* S rrftrr* f'fii’» I hr juitli 14 »f fnnii St hy Mipposing x * + oo„ 

lit tin* i Pir»i4ri;,iiit#ii irf fliri r%jirr 4 *'4ni \w Imvr f hits fur considered that 

mil pnri i 1 ’ « | mill ffutit ii lint It m p uSi'Piiily liron noted it follows that if we have 

ilbfi iwntj fniti / * it \%r nmi rr}4nrr i I2l In 


m 


I l «•’ ’ J, ^V-s)]' 

'Hu* form *>f i nun it J o Sir .tmplified when imtig part z p > 0 ( real part 
/ > l». lit furl, tti Itiit\ thru write 

|* du j** ds (' dm _ 


Ml) 


where the Inst :*\mh.»! lejm*-en! » tin integration in the positive sense about the 
eirele. 


Moreover, the last term of t ID it rentlily evaluate*! and found to be equal 
to 2mpsf *' 1 


Thtw, when inmg fmrt xf > 0 (md fttiri > l) we may write 

m lt ‘ :, "l-i e-(e-»)] + 2 "^' 


These fart* being premised, let us» consider the properties of the right member 
of (43), all assumptions ns regard* s being laid aside for the moment. Evidently, 
the expression in question represents a function of s which is single valued and 
niinlytie in any region T whieh does not cut the portion of the real z axis extending 
from * > . I to * | *, Moreover, when ]«j< 1 we find upon expanding 

in ascending j«*urr* of s that the same expression is developable in the form 


MO) 


y 3* m y 3 \ 
,“S1 - 9* “ ,T?»P - *' 


For large valuer of the properties of the right member of (43) are now 
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derivable by means of the following Lemma which we shall state and 
this point and to which we shall have occasion to refer frequently tin 
what follows. 

Lemma. 19 If the coefficient gin) of the power series 


(47) 


00 


£ g(n)z n ; 


a = integer, ‘positive., negative or zero 
r — radius of convergence > 0 


is such that (a) when considered as a function g{w) of the complex 
w = x + iy it is single valued and analytic throughout all portions « 
plane lying to the right of (or upon) the vertical line w “ a ~ + >U « 

a finite number of poles situated at the points u> ** Xi, X», • • •, X«, • * •, X„; 
teger S a 20 and (b) is such that to an arbitrarily small positive quantity 
corresponds a positive constant K (independent of a- anti y) such that 


?(* ± iy) 

9(x) 


< K exp ty 


n 


for all values of x is a — § and for all positive values of y sufficiently lar 
the function/(z) defined by (47) when |s|< r may be extended ana 
throughout the whole z plane with the exception of the positive 1ml 
real axis, and throughout this region will be defined by the equation 


(48) 


/(*) 


(- D“ rg{a-\ + iy){-zY-^ 


a /»» 


rfjr-E. 


2 J_ w cosh iry f I 

in which, if we place z *■ r(cos <p + i sin tp) it is supposed that we writt 
(— z) a ~ l ~ iv = exp [(a — £ + iy) log (— z)] 


“ exp ((« ~ i + <»(h*g r + p 
and take — 2ir < <p < 0 and in which r* represents the residue of the fui 

/ 49 «, *»(»)(- *)» 

sin tw 

at the pole w = X ( .” 

For the proof of this lemma let us at first sup|M»se for simplicity ti 
has no poles at the right of (or upon) the vertical line v a — | 4 ip 
us regard z for the present as having any fixed value. The lemma thei 
from a consideration of the result obtained by integrating the funeti 

l# Cf. LindblOf, “Caloul des rdsidus" (Paris, 1005), p. 100 ; also, F.mt., J,mrn. 
Vol. 9 (5) (1908), p. 223; also, BvMetin of Amer. Math. Boe., Vol, Itt ( 2 ) UOIO), p. 507. 

H r ^ u * condition is fulfilled from the fact that g(n) has a meaning when » *• a, a + 
• • •. Otherwise the given series (47) would lose significance. 

“ Ttis condition is satisfied in particular If constants C, > 0 and t\ 7 f, exist 1 
Ci < |(/(to) | < Cj. 


about the rectangular contour C n formed in the w plane by the lines 


w = a — J + iy, w = | ■+■ 2n + ip, «> = x =fc ij 

where n is any integer such that 2n > a ami where j is any positive quantity 
arbitrarily large. Upon applying (30) of Chapter I to the result of such ai 
integration, we arrive in the first place at the relation 


(50) 


2i» 

2 9 (ri)z n 


Hi!814 


I f ?(»)(- ~> w 

2iJ Cti sin no 


Supposing at first that a is real and negative, we proceed to study the integra 
here appearing in further detail. 

First, along the side of C n upon which w •*» x + ij we have dip = dx am 
sin 7rw = sin v(z -f- ij) = ainh 7 y(sin vx eoth vj -f i cos rx) so that if we eal 
the contribution from the side in question /, we may write 


i « Sr *)* 7 r -1 ........ +1/)(- a)* dx 

2i sinh vj J„ +i sin ttx eoth -f t cos jrx 
Whence lim 1=0 provided that 

jmrn 

(51) lim e~ ni g(x + ij) “ 0; x > a — §. 

jma® 

Similarly, we find the same result for the contribution arising from the aide 
of C n upon which w = x — ij provided, however, that 

(52) lim e~" J g(x — ij) = 0; x "z « ~ §. 

j s ,am 

We observe that both conditions (51) and (52) art' satisfied in the present case 
as a result of ( b) of our hypotheses. 

Next, let us consider the aide of ('„ upon which w = | -f* 2« + ip. Here 
we have dw = idy, sin no = cos ivy = cosh ry ao that having taken _/=«>, 
the contribution in question becomes 


z) i+2n 

*2 


X 60 

00 


0(1 + 2« + iy)(- 
cosh vy 


dp, 


and it follows from ( b) of our hypotheses that the improper integral here appearing 
has a meaning (st real and negative). Moreover, it follows likewise that if 
|a|< r we shall have lim J — 0. 

nmm 

Whence, if we now take account of the contribution arising from the remaining 
side w — a — i + iy of C n , noting that we here have sin rw = (— l)®” 1 cosh vy 
while the integration takes place from y = + oo to y = — oo, we may write 




2 g(n)z n 


(- 1)° rg(a- *4- iy)(- *)-«* 
2 j_. cosh vy 


(53) 


This relation must hold good as we have indicated, for all values of z which 
are real and negative and such that |z| < r. But the first member represents a 
function of the complex variable z which is single valued and analytic throughout 
the circle of convergence of (47) while the second member, with the conventions 
introduced in the lemma as regards the meaning of (- z )“-»+w represents a 
function of z which is single valued and analytic throughout the whole s plane 
except for the positive half of the real axis. In fact, for all values of z in a region 
T which does not cut or touch the positive half of the real axis we shall have 
from the indicated conventions — r < <p < ir so that upon introducing (b) of 
the hypotheses it appears that we may choose e so small that the improper 
integral in (53) will converge uniformly for all values of z in T. Whence, the 
same integral will have the analytic properties just indicated, and we reach in 
summary the lemma for the case in which g(w) has no poles to the right of tin; 
line w = a — \ + iy. 

That the lemma holds true in the more general case follows at once upon 
noting that relation (50) then continues (?i sufficiently large) provided we add 
to its first member the expression 

m 

I>, 

Returning to the second member of (43) which is defined when js| < 1 bv tint 
series (46), let us now apply the above lemma to the latter series, taking for this 
purpose g(w) = 1/(p — w). Since the residue of the function 


(54) 


7r( — Z) w 
(p — w) sill 7Tp 


at the pole w - p is - t(- »)'/sin wp, it thus appears that for all values of s 
except those real and positive we may write the expression in question in the 

7r(— Z) p 

• 'sin T p + ii(2) ’ 

where 

w -*£<r + ~r4T^,*- 

it being here understood that the expressions (- s y m d (- s ) Hrt , t „ 

interpreted » accordance ^ CMVCIltl J at „ . "" “ 

' “ r(cos * + * sin V) With - 2r < 9 s 0, then ’ 

md ( ~ Z)P = 6XP P(I ° g f + ^ + ^(cos p(<p + T ) 4. i sitl p(ip ,. f T) | 

(- z) = exp [(- 14- iy) (log r 4- 4- ,V)j, 

Cpo. referring t „ (43) and (44, it folWa ^ „ „ wmls 



S(z) originally defined by (33), that throughout any region 2\ of the z plane in 
which real part z“ > 1, iviag part s fi < 0 wo shall have 


(55) 


S(z) 


sin irp 


+ m 


while throughout any similar region T« in which real part z p > 1, imag part s p > 0 
we shall have 


S(z) = T( . Z)P + 2ripz p + R(z). 

K 7 HUl TTp K 7 


lienee, according m z lies in 1\ or 7\ the expression Ii(z) defined by (39) takes 

the form 

B(z) *■ exp C(z) or B(z) « exp (r(s) + Zwipz*], 

where 


^ f (;) v+1, “■<'> + «<=>- 


We note also that since R(z) is equal to 1 2iri multiplied by the result, oi 
integrating the expression (54) from y — to 1 / ; -} so along the line 

w =» — | + iy it follows that we may replace R(z) by a similar expression R(z) 
in which the path of integration is ic -- — /,• — | + it/ (A* = arbitrarily largt 
positive integer) provided this R(z) be increased by the sum of the residues oi 
the function (54) at the poles w : ■ — 1,-2, •••, — /,■. Moreover, since these 
residues form the first k terms of a series of the form 


(5(i) tio 'H <l J -f- + • • •; «i» «s. ■ • • constants as regards z 

% St 

while lim z k R(z) » 0 it follows that the original expression R(z) is developable 

I « : «s«0 

asymptotically in the form (56) {arg s + 0). 

It follows, then, upon reference to (38) and to the properties which we have 
now established for 12,(1) and R(z) that we shall have the following relation in 
which the upper or lower of the double sign ± is to be taken according as a is 
confined to T» or Tv 


(57) 


F(z) 


2 sin irz" 

'W*’ 


: i. T.v+f;r(j); + T < 


0 

mn tcp 


p “ 

> J * 


Upon observing that when imag part z* > 0 the function exp ttiV is develop 
able asymptotically in the form (59) with a 0 « 0* a\ * 0, •••, while the same 
is true of the function exp — wiz § when imag pari z p < 0, it appears that the 
above relation may be simplified into the following holding good for values of ; 
in regions of either type T\ or 7*: 

exp | lu " J ”t* * - 

^2wz p 


m 


F(z) 


+ T . 

v sin irp 


]■ 


JL/JKJL JHX\XVXXl> J fXXXWXH 


This relation, as we have noted, holds true only when real part z p > 1. We 
now proceed to determine an analogous relation for any region T s in which 
real part z p < 1. 

If this assumption be made at the beginning, the cut in the w plane falls 
entirely outside the rectangle bfglc so that we at once obtain (32) except that 
the last term of the second member is lacking. Moreover, the expression «S’(z) 
takes the form (55) so that, upon writing log (1— 2 ) = log (— 2 )+log (1 — (I/ 2 )), 
we have 


(59) 


H(z) = - ~ log 2 tt - ~ log (- z) p 


jlog(i -»)- 

+*•(;);+ 


0 . 0 ) 

7r(—: 


sin 7 rp 


4- H(z) 


and hence 


(60) 


F(z) 


^2 t(— z) p 


exp 


B'C) 


Y 


£ , t( 

v " r sin 7 rp 


Before summarizing the preceding results into a theorem it is desirable to 
note certain corresponding results which may he obtained when z p is confined 
to the real domain (1, + 00 )—a case not included in the above discussion. 

If this assumption be made at the beginning the corresponding Fig. .1 becomes 
that represented in Fig. 2, except that the cut extends from the point w z* 
instead of from the point w = z. Thus we obtain equation (22) as before with 
S(z) defined by (33) in which, however, the path M is now understood to lie 
1 FECx of Fig. 2. We arrive, therefore, at (38) in which d(z) is defined as 
before, while B(z) is defined by (39) with S(z) given by (42) wherein N repre¬ 
sents the path IF EC + 00 . In this form 8{s) is now developable (as was (43)) 
when |*| < 1 into the form (4(1) from which we find as Indore that unless 


<p ■> arg a 0 

the expression S(z) is given by (55). In other words, 8(3) will be given by 
(55) when <p has any one of the following values (for which z p as altnve defined 
is real and positive) except the value <p -» 0: 


(61) 


0 , 


2 7T 
P 




Moreover, when tp = 0, S(z) preserves a meaning as apjienrs from (42), provided 
that z + 1, so that the same expression may be obtained from (55) when s r 
is large by placing therein * « r(cos tp + i sin <p), olwerving the indicated 
conventions as to the meaning of (- z) p , (- *)”*+ and passing to the limit in 
the resulting expression as <p approaches the value zero through negative values. 

Thus it appears that when z p is real and |H>sitive ~~t. 0 ,, when <p has anv 



one of the values (61) —we shall have relation (57) in which the negative sign is 
to be taken before the expression iriz p which appears in the square bracket. 

Upon noting the various sections of the z plane which correspond respectively 
to regions of the types Ti, T% and we thus arrive at the following 
Theorem I. Given the typical integral function of rank p (order > 0): 

F (z) = II (1 - -T 5 ) exp £ i ( Aj; ) ; p = integer S 1 

n=sl \ lb / V \fb / 

with the assumption that p is such that p < p < p + 1. 

If, having placed z = r(eos <p + i sin <p) we agree that z p and (— z) p shall be 
defined respectively by the equations 


z t> _ r />( cos ptp + i sin p<p); — 2ir < ip £ 0 

(_ z y _ r p[ C03 tt) -f (' sin p(<p + t)] 

then for values of z of large modulus and lying within sectors of the type 


4k + 3 

2p. 

we shall have 


tt < <p < 


4k + 1 

‘ 2p 


t; k - 0, 1, 2, 3, - 


2 r < <p < 0 


F(z) 




V27r(— z) p 


exp 




zy 


, ( 

— + v — 

v sm wp 


]■ 


where f is the symbol for the Ilieniann £ function, while for values of z of large modulus 
and lying within sectors of the type 

4/fc + 1 4k — 1 

- 2p v < v < ~ 2p r : A ■ 0, 1, 2, 3, • • - ; — 2r < <p £ 0 


we shall have 


m 


2 sin inf 
t>, exp 
V2*-z p 


r£r(i) 5 -+. ( r^], 

L \ P J v sin wp J 


provided <p does not have om of the exceptional values C) t — 2 vfp, - 4r/p, — Or/p, 

Moreover, /or exceptional values of <p just mentioned am shall have when \z\ 
is large 


m 


7 rar 


2 sin 

' Sp, ..- 

XllTZ* 


exp 




*)' 


2- (■ 

*—* «+■ . 

V sm TTp , 


In the following figure the sectorial regions indicated, I and II, represent 
those in which for large values of |zj the first or second of the above forms 
holds good resj>eetively, while the (lotted lines represent the special directions 
along which the third form applies. It is to be understood that the last radial 


JL/ ib 1 il;XUVi JL1N JXXXKjn Ui X^tOJLXVXA AUXJ.V; 


uu 


line drawn is that upon which <p — 
contain all similar lines upon which 


T JUiJUJV/A «R* KJ 

9r/2p, but that a complete figure would 


<P = - 


2ft + 1 

2p x; 


ft = 0, 1, 2, • • • and ^ > — 2w, 


the scheme of alternate division of the plane into sectors of types I and II being 
carried forward up to and including the last sector thus obtained. 



Upon noting that for values of z which are real and positive (s = r) we have 


riz f •+ 


tt(— z) 9 
sin wp 


. . . . cos pr + i sin pr 

— 7 nr 9 + 7 rr 9 . = vr* cot pr, 

sm pr * ’ 


it appears that the above theorem is consistent with certain results of IIakdy to 
be found in the Quarterly Journal of Mathematics, Vol. 37 (1905), page 15,S (later 
corrected on page 373). For values of a for which arg a » <p 4 () the theorem 
is not altogether consistent with the results of Bauneb in the Philosophical 
Transactions, Vol. 199.4 (1902), page 470, since an equivalent, to the first of the 
forms above is there assigned to F{ s) for all values of 3 such that ^4-0 (jsj 
sufficiently large). It is to be observed that both Bahnkh and Hahuy take for 
discussion the function F(- z) instead of the F(z) employed above. 

25. In the discussion of the function F(z) of § 24 we have thus far supposed 
p < p < p+ 1 where p is any integer S 1. The corresponding results for 
cases in which 0 < p < 1 may now be readily supplied, it being understood 
that F(z) assumes the first of the forms given at the beginning of § 24. 

Proceeding as in § 24, we obtain equation (27) as before except that the 
third term in square brackets is lacking. Whence, equation (32) continues 
except that the terms involving the function f are absent, while instead of (33) 
we have 


8(z ) = lim a [ 1 — z f - 1. 

00 L Jm "" 2 J 

Thus it appears at once that the theorem of § 24 hohfat true when 0 < p < 1 




provided that the term 


„ »=i \pjv 

there appearing he then omitted. 

26. We proceed to consider the remaining cases—viz., those in which p = p = 
an integer. The function F(z) is then defined by the second of the forms appearing 
at the beginning of § 24. 

Equations (27) and (30) are now obtained as before, but instead of (31) w< 
write 


= % r(<ri,) 7+1! + !>( i - + ^ s l + ei(x) - 

Moreover, the last sum here appearing is evidently of the form 


c + log x + 0i(*); lim 6s(x) *= 0 

mmm 

where c represents Euler’s constant. 

Instead of (32) we thus obtain in the present case 

Jl{z) = — \ log 2ir — § log (1 - z) - £2,(1) + ${<rv) - 

■+• ccrz p +■ S(z) — J 


(62) 

where 


, <pM 


dw, 


8 (*) 


(63) 


= lim f*cr + (x - |) log (1 - +• cz p log 

»m00 L \ * / 


npi .___ . 

vml K1 - 


as 


r dw 1 

Jit w a z J 


The last term of (62) may now be evaluated as before, leading to equations 
(37) and (38) in the latter of which A(z) is defined as before while 22(a) is now 
defined by the relation 


(64) 


B(z) = exp f(<rv) ~ + *n* + 8(z) - £2,(1) - § log (1 - * ) j. 


In order to study the functional properties of the present function S(z) we 
first note that 


( z \ * z* 

1 - ^ — E Ebri + 03 (.r); lira 0 3 (x) = 0, 


_ z r _^ s' « a" _ 

y( r_7^i - ^1=3 + * (! _ *„)*«••= I 



jrg j^XLTJLXUiVAT**^-- - 

.bo that taste.d of ( 41 ) « may now write 

r dw ? v -- — -1- z p Ioe w 4- a"* 1 I ' r 

a J J 

Whence, m , 2 v r d 

S(z) = lim [ cr - £ Z^=i + ^ f av az J M w (w <r 


dw 

(to* — 3 ) ’ 


= limTcr- 

x=oo L v=i) * 


J>»zj Z v 

. V**» 


1 — 0T 


> r < h " 1 

J s w(w" — z) 1 


Upon expanding [w(,w' - a)]" 1 in ascending powers of 1/a, supposing for the 
moment that \z\ < 1> we obtain 


-a ^ 1 f 

Jn 


00 


= - pz v 2 -X"i * loK ^ 3 ) 

r v«0 ? + 1 


* w JM**-*) + 1 . , , , n 

=s pm p + |« fl log (a — 1). 

Whence, under the present hypotheses relation (55) becomes replaced by 


S(z) = £ --—- — <rz p + xia” + a p log (a — 1) 
w (=oP — ? 


or, since 


ss* log (a - 1) = a 1 * log a + a” log 


(-0 


I 

logs ~ 


3 5ri js* ^ i 

we may write when | a | > 1 


|a|> 1. 


S(a) = 


+ 7m p + a p log a + r(a), 


where r(z) is an expression developable asymptotically in the form (5b). 

The form (66) for S(a) is then that which corresponds in the present case 
to (55) — i. e., it holds for values of a confined to any region 7\ sufficiently remote 
from the origin throughout which real part z p > 1, imag part s p < 0. The 
corresponding form for regions T% in which real part z p > l, imag \mrl s* 1 > 0 is 
obtained (cf. (44), (45)) by adding 2tcvs v to the right member of (66). Thus, 
instead of (57) we reach in the present case 


(67) f(,)~?$=-^[«,. + !:t(^+ : 

y2vz p L r»i \P/v 


(c — l) + 3'’ log : 


where 6 — 0 or 9 = 1 according as a is confined to 7\ or T%. 

Upon observing that when imag part z p > 0 the function exp ris p is develoje- 
able asymptotically in the form (56) with «o •* ai ■» «a ■» • > • ** (), it appears 



that (58) becomes replaced in the present case by 


F(z) 


2 sin 7 rz p 


~ -exp 

•\2 irz p 


[l»0)7 


Z p 


+■ — (c — 1) + * p 


log z J . 


This relation holds true, then, whenever real part z p > 1. In case real pari 
z p <1 the equations corresponding to (59) and (CO) become respectively 


H(z) 


^ log2,r- i 


~ (— z)* — lo« ( 1 — * ) — 0 ,( 1 ) + *il 


7ftZ p 


+ 


/ p\z v z p 

2 T ( .. ) " 7 + “ (c - 1) + log * + r(z), 

psii \ P / v P 


F(z) ~ ip . exp 

\2 x(— z) p 


SK;) 


- + “y(c - 1) + z p log (- z) 




Finally, in case z v is real and positive, i. e., in ease <p has one of the arguments 

2t 4x _ 6x 

p ’ p ’ p ’ ’ 


0, 


we find by reasoning analogous to that at the close of § 24 that S(z) will be given 
by (00) and hence we shall have (07) in which 0 = 0. 

In summary we arrive then at the following 

Thkorkm II.* 2 Given the typical integral function F(z) defined in Theorem l 
together with the assumption, that p ■» the integer p. 

For values of z of large modulus lying within sectors of the type 


_4k+2 _ 4 k + 1 IJfc-0, 1,2,3,... 

2 p V ^ 2 p T I — 2ir < <p < 0; <p ” arg z 

we shall then haw 

F(») 1 exp £r(l) ? ;+ r (« ~ l ) + 2,1 1o k (- 2 > I 

V2x(— z) p L»»i \V J v V J 

$• being the symbol for the Riemann f function, and c representing Euler's constant, 
while for values of z of large modulus lying within sectors of the type 

_4fc+l 4Jfc - 1 I A- 0, 1,2, 3, ••• 

2 p T ^ 2 p r \ — 2ir < <p 0; <p *» arg z 


we shall have 
F(z) 


2 sin wz p 

■~v, .exp 

v2x3 p 


[SKiO 


-+--(<> 
V p 


1) + z p 



**Cf. Mattson (l.e.), pp. 15-17. 
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Determination of asymptotic 


27. It will be observed that the integral function F(z) considered in §§ 24 *.6 
is of order > 0. Barnes 23 has also considered the corresponding problem for 
certain type functions whose order is equal to zero, but we shall confine ourselves 
to the case treated above. 


Asymptotic Developments of Functions Defined by Powkb Sew eh 

28. The results thus far indicated in the present chapter arc but indirectly 
applicable to the determination of asymptotic developments for functions 
defined by power series. This subject, however, is one of evident importance. 
We shall now point out a general theorem in this field, resulting from the lemma 
of § 24. 

Theorem III. If the coefficient g{n) of the power series 


( 68 ) 


00 

^2g(n)z n ; r = radius of convergence > 0, 

n=0 


may be considered as a function g(w) of the complex variable w = x + iy and as 
such satisfies the following conditions: (a) is single valued and analytic throughout 
the finite w plane except for a finite number of singularities situated at the points 
w = wi, W 2 , • • •, w p , none of which coincide with one of the points w = 0 f I» 2 t 3, • • 
and (b) is such that to an arbitrarily small positive constant € there corresponds a 
positive constant K (independent of x and y) such that 


g(x db iy) 

0(a) 


< K exp €t/ 


for all values (real) of x and for all positive values of y sufficiently large, then the 
function f(z) defined by (68) (\z\< r) will be such that for all values of z lying in 
any sector (center at z = 0) that does not include the positive real axis wc may write 


(69) 


/(>) ~ - t r. - ^ 

m=l Z 


g(—2) g(— 3) 

z 2 z 2 


* 


where r m represents the residue of the function 


(70) W)(~ 3)*° 

sin irw 

at the point w = w m . 

In order to prove this theorem we observe that for all values of z except those 
real and positive we may at once apply the lemma of § 24 with a taken ns an 
arbitrarily large negative integer: a = - l, and write 
00 

(71) ,£ g ^ zn = £ 9(n)z n + /(z) = - £ r M -f «,(*), 


23 See Philosophical Trans., Vol. 199A (1902), pp. 466-468. 


»t«l 
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where efz) vanishes to as high an order as the (l + |)th when |z| = oo. Whence 
follows the indicated result. 

For example, let us consider the function 


(72) 

Here we may take 


flap P IV 


p 4= integer < 0. 


fl'(w) 


1 


p — w 


and the residue of (70) at the pole w = p is readily found to be 


ir(— z ) p 
sin 7rp 


Whence, throughout any sector such as indicated in the above theorem we 
shall have 


(73) 


m 


7r(— s) p 1 1 

sin rrp (p -t~ l)z (p 4* 2)s? 


24 


This result ceases to hold when p = a negative integer since the expression 
then has a pole of the second order at w = p. Such cases may, however, be 
treated by the same theorem. Thus, in particular, when p = — 1 we obtain 
directly 

log (— z) 

n = 

Z 

and hence, instead of (72) 


(74) 


m 


log (- z) 


Jl _ 1_1_ 

z 4 2z* 3z 4 


This result may be verified by noting that when p 
gives 


m 


log (1— z) 


— 1 the equation (71) 


while the power series appearing in (74) converges when |zj> 1 to the value 
\ log (l — 1/z) so that (74) gives the same form for/(z). 

21). (hmralisntiona of Theorem III.—It for a given series (68) the function 
g(w) is not single valued throughout the te plane, but contains q branch points 
to = M’i, i 7'2, • • •, conditions («) and {It) remaining otherwise the same, the 
theorem continues true provided that, after rendering g(w) single valuetl by 
means of q cuts extending vertically downwards 45 to infinity from the points 

34 Since the series here up]tearing is convergent for |ij > l the symbol ~ may bo changed 
to —. 

“ More generally, in any direction tending to infinity in the right half of the plane or vertically 
upwards or downwards. 
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_ ^ • ( m = 1, 2, • • •, g) respectively, we subtract from the second member of 
(69) the expression ? 


m=1 


where represents the loop integral (assumed to exist) of 

1 g(w)(- *r 

2 i sin irw 


taken in the positive sense from the point w = w m - t» to the same point after 
surrounding the (one) branch point w = w m . This result, in fact, appears 
directly upon reference to the demonstration of the theorem. 

We note that in case the point w = w m coincides with a point of the type 
w - Wm mentioned in the theorem, the corresponding value of r m is to be neglected, 
the term a* then being evidently the only one of the two to be retained. 

A particular type of function /(z) to which Theorem III and these supple¬ 
mentary remarks apply is the following, discussed by Barnes: 26 




z n x(n + 6) 

h (n + ey ; 


0 = constant =(= 0 or neg. integer , 
/3 = constant , 


where x(l/«) is regular at the origin. Besides this, Baknes considers the corre¬ 
sponding problem for certain special types of functions for which condition (b) 
of Theorem III is not fulfilled. Of these latter may be especially mentioned 
the function 

A__ 0 = constant =# 0 or neg . integer, 

^ Zi ~ (n + 6) p F(n + 1)' ]3 = constant , 


for which it is stated 27 that for all values of z of large modulus we may write 
F $ (z; 0) ~ 0) + e z z^ £ao + • jj, 

where <p fi (z; 0) represents the loop integral of the function 


1 aT(— s ) 

2 Vi Js + W 


taken over the path in the s plane extending from the point s = — oo -f- imag 

fart (— 0) to the point $ = — 0 and return. 28 The values of ao, ai, a%, - • •, are 
also given. 

This function F fi (z; 0) typifies an important class of functions, viz., those 

which for an appropriate value of arg z become infinite like e*z h (k = const.) 

m PMUmphiccd Transactions , Yol. 206A (1906), pp. 257, 272, 282. 
n L. a, p. 265. 


^ further detail the properties of this.loop integral, expressing it in thm 
fomofasenesmhsfinairesuh (p.265). Cf. also Quarterly Journ. of Math., Vol. 37 (1006), p, 
89 a seq; also %M., Vol. 38, p. 116 et seq. ^ 



when I z\ is large. In this connection the following more general statement 
seems probable, 29 though a rigorous proof of it cannot be supplied by the author 
at present* 

“ If the function g(n) appearing in the coefficients of the power series 

JV~\ - V _ _n 


'«-£F5TT)‘" 


may be considered as a function g(w) of the complex variable w = x + iy and 
as such satisfies the following two conditions (a) is single valued and analytic 
throughout the finite w plane except for a finite number of singularities situated 
at the points w = w\, • • •, w p (none of which, however, coincide with one 

of the points w = 0, 1, 2, 3, • • •) and (6) is such that there exists a constant 
(real or complex) j8 for which the function 

- r(-w) , . 


is developable in the form 

nr.. a &0 , 


eM “ r<i - „ - 


p, \ _ bp . _ bi _._J 2 _ 

W ~w + /8" 1 " (w + i 8)(tv + 0 + 1) + (w + 0)(u + 0 + l)(w + 0 + 2) 


+ ■■■ + 


b n + €n(w) 


where 


(w 4 - 0)(w + 0 + 1 ) + • • • (w + 0 + ri)’ 


lim €n(w) = 0; 

I 'iv 1 =oo 


arg w 


then, for all values of z of large modulus we may write 


f(z) ~ — ^2 r m + (— z)*e z T&o + ““ + “f + 

m=l I Z Z 


in which r m represents the residue of the function 
7rg(w)(- z) w 


r(w + 1) sin tw ~ r( »)" 

at the point w = w m and in which the coefficients bp, hi, hi, 
from (75).” 30 

29 From considerations based upon the relation 

1 r (— z) w dw _ e* /1 \ 

2 i J r(w + k) sin ttw z*” 1 ^ \ z ) ’ 


are determined 




k = constant \ 


p ^ ~ ) — polynomial in 


where the indicated integration takes place in any closed (infinite) contour embracing the points 

w = 0 , 1 , 2 , 3 , • • •. 


® No mention has been made in the present Chapter of a class of power series whose asymp* 
totic forms have been studied by Diems and Yaeiron. For a concise statement of their results 
see Theorems I and II in Valiron^s paper, “Sur le calcul approch6 de certaines fonctions enti&res ,f 
Bull, de la Soc. Math, de France , Yol. 42 (1914), pp. 252-264. * 


CHAPTER III 


THE ASYMPTOTIC SOLUTIONS OF LINEAR DIFFERENTIAL EQUATIONS 

30. The oldest and most fully developed aspect of the theory of asymptotic 
series concerns the so-called “ asymptotic solutions ” of linear differential equa¬ 
tions. In the present chapter we shall undertake to give a summary of the 
principal results (without proofs) that have been obtained in this field, with 
indications as to certain noteworthy questions still remaining unanswered. 
Corresponding results and questions for linear difference equations will also he 
briefly considered. 

Real Variable 


31. Confining the attention at first to the case in which the independent 
variable x is real and positive, the investigations referred to may he said to 
cluster about the homogeneous linear differential equation 


(1) y (n) + arix)y (n « + a 2 (x)y (n ~ 2 > +-1- a n (x)y = 0, 

wherein the coefficients a u (h, ■■■, a n are assumed to be developable for large 
positive values of x either in convergent or asymptotic series of the form 


Orix) ~* rt [a ri0 + ^ 1 +^*+ •••]; r=l,2, 


». 


h being zero or some positive integer. 1 In this equation the point x » co Ls 
m general a so-called “irregular point ” 2 so that the usual “ normal solutions ” 
about the point x= <x>, as provided by the well-known theories of I'Vchh, 
come to involve power series in 1/x that are divergent for all values of a-. 2 Never¬ 
theless, the same solutions continue to satisfy the equation formally* and it 
earn be shown that they represent asymptotically, in the precise sense of § 13, 

S0l „ Utl + ° nS - I* fact, we may begin by citing the following note- 
rthy theorem first established rigorously by Hobn * 5 

* Cf. Picabd, l. C., § 23. 


(2) Wi n + ffll, oTO n 1 “I” • • • •+• ffi», 0 == 0, 

are distinct from one another, equation (1) possesses n linearly independent 
solutions 2/i, y<i, ■ ■ •, y n valid for large positive values of x which are developable 
asymptotically in the forms 

(2 r ) 2 f r ~ e/^x^ r = 1, 2, • • *, n, 

/SS0 

where/, (a;) is a polynomial of degree h + 1 in x, the coefficient of whose highest 
power in x is m r /(Jc + 1), while p r and A r , ,■ are constants 6 with A r , o = l.” 7 

If in this theorem the restriction be removed that the roots of the charac¬ 
teristic equation be distinct — i. e., if multiple roots be present —the theorem 
fails and we at once encounter a problem for which no general solution has as 
yet been obtained. However, Love 8 has recently made a noteworthy advance 
in this direction, his theorem (which manifestly contains the above as a special 
case) being as follows: 

If, other conditions remaining as stated above, “ the characteristic equation 
has l roots mi, ntt, • • •, mj, occurring respectively »i, «j, • • *, %i times (ni + nj 
+ ■ • • + nj = n) and such that no multiple root of the characteristic equation 
is also a root of the equation 

(3) ttl, im"' -1 + Oj, im*~ a -f- <J B| ! S3 0, 

then the equation (1) possesses a fundamental system of solutions y T , j (r *» 1, 2, 
• • •, l; q = 1, 2, developable asymptotically in the form 

2/r.a ~ e' r >&x f r,r*** ]£ —~f~, 

imO JmO W 

where f r , a (x) is a certain polynomial of degree n,(k -j- 1) in x llnr , the quantities 
Pr, j and A r , «. <,, are determinate constants, and A r , 2,0.0“* L” 

Love has furthermore considered in detail® the equations (1) of the second 
and third orders, including the cases in which (3) is satisfied by a multiple root, 

6 The precise values of the coefficients of f r (x) and of the constants p?, A r% j may be deter¬ 
mined by the method of undetermined coefficients after substituting y r in (1). A similar remark 
should bo understood with reference to the/,.,*(&), pr,*, etc., that follow. 

7 Historically, the first form of equation (1) to be studied in this connection was that taken 
by Poincare in which • * *, a* are rational fractions, thus possessing no other singularities 
than poles at x - oo. Bee Ada Math., Vol. 8 (1886), pp. 296-844. 

s Cf. AnnaU of Math., Vol. 15 (1914), p. 155. 

9 Love does not use, at least directly, the method common to the greater part of Horn’s 
work, viz., that of successive approximations, though the latter could doubtless be employed to 
the same ends. His method rests rather upon certain general studies of Dim to be found in Vol. 2 
(1898) of the AnnaU di Mat., pp. 297-324, wherein the equation (1) of the nth order is first con¬ 
verted into a Voltbrra integral equation of the second kind containing n arbitrary functions, 
termed “auxiliary functions/’ and the latter (equation) solved by the usual process of iteration, 
thus yielding forms of solution for the original equation (1). Through the arbitrariness existing 



and has arrived at complete results for these orders . 10 Thus, for n 2 we 

have the following : 11 

“ In the differential equation 

y" + b{x)y - 0 

suppose that b(x) is a real or complex function developable asymptotically for 
large real positive values of x in the form 


b(x) ~ x l 


' 60 " ■ ’ 


where Tc is 0 or a positive integer. Then, for the same values of x equation 
possesses two linearly independent solutions yi, yi such that (a) if b a 4 - 0 , L e., 
if the roots mi, m 2 of the characteristic equation m 2 + bo = 0 are distinct, we 
may write 

y r ~^V"[l + ^+ •••], r=l, 2, 

where 

f (x) = lX . 

( b ) if 6 a = 0 , 61 4 = 0 we may write 


- ef^x 9 


where 


{ 1 + ir + 0 +% ! + •••)], 

f ^ &r, — 2k — 1 *£ ^ , G!r, — 2 , , (Xf mm. 

1 '< )”~ 4 +T _+ k h i ■ 


(c) if k = b 0 = Ji = 0 we may write in general 


.[ 1+ ^ + 4 


(d) but if P 2 — pi or, in general, if p 2 — pi is a positive integer we have 13 

m the choice of these auxiliary functions, the resulting solutions, though frequently (•ompIieHted, 
of great flexibility and it thus becomes possible to adapt them to a wide variety of mv.-sti- 
^ttons, as Dim lumsefl has abundantly shown in a series of papers in the Annali di Mat. extending 

te fcS If 0 ' ^ CaSe f StUdi6SSUChMarebein «°°“>idamllath«pramtehup- 
ter, the method readily provides actual solutions that are valid for large (positive) value., of a- 
-toa.pr.bl™ tato. nwrely to to™* to U. I-“ 

-S "*■ th “« h >"» 

»« b, . ,i ^ h : .y: L y rs: 1 :, 


Keal Variable 


2 /i ~ x n [\ + + • • • J , 

2/2 ~ Vi log x + z pa ^ 2> 0 + ~ 4 - • • • J ■” 


The complete result for the equation of the third order is as follow 
“ In the differential equation 

y'" + b(x)y' + c(x)y - 0 


suppose that b(x) and c(x) are real or complex functions developah 
totically when x is large and positive in the forms 


b(x ) ~ st? k £&o + ~+ • • • , 
c(x) ~ 4* | c 0 + ~ + • • • , 


where k is 0 or a positive integer, and suppose that b'(x) also has an a 
development. Then for the same values of x the given equation has thr 
independent solutions yi, y%, y$ possessing asymptotic developments 1 

(a) If the roots mi, mj, m» of the characteristic equation 


are distinct, we may write 


m 3 + bom + c 0 = 0 


where 


+ ; r-1,2,3. 


m r X i+l OCr,~k% h 

fr{x) "T+T + ' 


+ • • • + Ctr, ~lX. 


( b ) If mi # m 2 = we may write in general 


2 /r ~ & 


yi ~ e riM x l>l £ 1 + ~ 1 + • • • J, 

«v.[i+^+ - + i(*..+*' } + •••)]; 


where /1 (a:) has the same form as in (o) and 


j., ,, mrX^ 1 , a r ,-2k-lX k+i , CCr,-2kZ k , , OV.-l^* 

m - r+r +-t+f" + + - + |~i 


(c) But if in (6) p s = po, or in general if p* — P 2 is a positive integei 


y* 


’ y 2 log x + e f2(x) x PB ^A 3 ,, 


+ 


is, 1 


]■ 


where fi(x) and / 2 (a;) have the same form as in (a). 

(d) If mi = m 2 = ®3 and either ci + 0 or bi = ci = 0, c 2 4 0 we maj 
write 


y r ~ e Mx) x Pr I 1 -f- 


[’ 


A 


■r, 1 


+ 3 (*..+&■+ 


X 


) 


+ 


where 


i(«-. 


ft.: 


fr(x) = 


m r x 


.Jc+l 


x® V "" w 1 x 

a r , - Zk - T . X ^ < X r , —8 


+ 


k - f - 1 & Hf- i| 


+ • • • + 


)]j r** 1,2, ,% 

a r , 


(e) If ci - 0, bi #= 0, y u y 2 , y 3 have expansions of the same form as in (6). 

(f) If fc = bi = ci = c 2 = 0 we may write 


yi^x pi \ 1 + 


b 


*i, i 


Vi ~ Ayi log x + x M 


[A i 




* 2 , 1 


]■ 


y3~% 1 lo^*+^lo ga: [53,o + ^+...J +X P.^ J)0+ At + ...J ’’ 


n 


While the complete results for the equation (1) of order n 4 4 have not as 
ye been obtained, a careful examination of those just given for » » 2,.'} throws 
hght upon what the corresponding forms may be expected to he Moret 
“ connection with this question the following result should be noted- 
-Let t( x) be one of the system of functions 


cover. 


(3)' 


and put 


****’ *(^°g x ) l+v ’ ^TogaKlogloga-p" (* > 0) 


X oo 

t(x)cIx. 


refer to the case m, = m = m , If in C/l th* t0 . th °. Ca T M ‘ * «. - m, while (rf>, ( r ) mil (/) 
then x = * is a regular point of the diffi2r^ l . for antl c (*) converge for all M > k 
ae ZS he Changed t0 =; equatl0n and henn0 in »*«»* for », vlld y. 

earne raid part, and parti^obSd^ytim When'S ° f th ® ch ? ractwl8tio Ration all have the 

! d - 3 h P- 136. The result ht recentiv W^ to * **., 

American Journal of Mathematics. 7 b established m its entirety by Lovk in the 


Suppose now that in the differential equation 

(4) y (n) + [di + a-y(x)]y < ' n ~ V) + [a 2 + a 2 {x)]y ir ^~ z) + • • • + [o» + oc n (y 

the functions ai(x), a 2 (x), ■ ■ ■, a n (x) together with their 2n — 1 derh 
continuous when x is sufficiently large, and suppose that the cha 
equation 

(5) M n + cum” -1 +• • • - + On = 0 

has l different roots m, , m occurring »i, n%, • • •, ni times re 

(«i + ■ + ni = n) and let n’ be the largest of the numbers »i, i 

If one of the functions t(x) exists such that for sufficiently large \ 

(6) |ar w (*)|S^ 5 ; r- 1,2, s = 0, 1, ■ ■ ■, 2n- 

then for the same values of x the equation (4) has n linearly indepen 
tions yi, h(x) expressible in the form 

Vi, k(x) = x^e^il + e>\ *(*)]; i = 1, 2, • • •, l; k = 1, 2, • 

where k(%) vanishes at infinity to at least as high an order as tha 
while further 

2# 3 *(a0 = + f», k ,.(*)]; s - 1, 2, • • •, n, 

where lim £ = 0.” 

as as co 

It is to be observed that for the special case r(x) = 1 /x 2 this res 
to an equation of the form (1) (wherein k =» 0), and furnishes the “ 
terms ” of developments for the corresponding solutions yi, *(*). 
by a sufficiently critical examination of the form of «,*(*), these dev 
could be identified with asymptotic developments in the precise sen! 
For the type of equation considered, the result is seen to be in every ser 
so far as the possibility of multiple roots in (5) is concerned, exce] 
restrictions (6). These latter when interpreted with reference to (1) : 

(7) Or,« = 0; r- 1,2,3, •••,»; a = 1 , 2, 3, ■ • •, 2»' - : 

and hence come to impose unfortunate restrictions. However, the r 
decided value in showing that all further studies upon the problen 
may be limited to those cases (assuming multiple roots present in (2] 
(7) are not satisfied. 

Complex Variable 

32. Passing to the corresponding studies upon (1) when the in 
variable x is allowed to take on complex values, the existence, form 
of the asymptotic solutions have been completely discussed by Bn 
case the coefficients Or(ar) (r = 1, 2, ■ ■ ■, n) are developable in conver ; 


(|a:| > R = constant sufficiently large) and under the assumption that the 
roots of the characteristic equation (2) are distinct. 10 Corresponding results 
when multiple roots are present in (2) do not appear to have been thus far ob¬ 
tained. 

Birkhoff’s essential result may be summarized as follows: 

“ Representing by m u m 2 , • • •, m„ the n (distinct) roots of (2), let there be 
drawn from the origin (Z = 0) the N — n(n — l)(/c + 1) rays (“critical” 
rays) determined by the equation 

real part of [(m, — m^a;** 1 ] = 0; s + t. 

Let the angles which these rays make with the positive real axis in the order 
0 f their increasing magnitude be denoted by ri, tj, • • •, 7> and place r, Vt i = n 
-[- 2 7T. 

Then, corresponding to the sector r m arg x < there exists a act of 
fundamental solutions y r (r = 1, 2, •••, n) of (1) developable asymptotically 
in the forms (2)' where f r (%), Pr and A r j continue to have the meanings there 
indicated. 

The set of solutions satisfying (2)' in the sector (r m , r m( 0 dilfers at most 
by one solution from the set satisfying (2)' in the adjacent sector (r mt i, 

Linear-Difference Equations 

33. If instead of (1) we take for consideration the linear difference equation 

(8) y(x + h) + ai(x)y(x + h — 1) + cit(x)y(x •+• h — 2) -f--b On(x)y(x) = 0 

wherein the coefficients a 1( a*, • • •, a» are assumed to he developable for large 
positive values of x either in convergent series or asymptotically in the forms 

(8)' Or(x) ~ X rh + ~£f* + * * ■ J J T ** 1, 2, 

“ Trans. Am. Math. Soc., Vol. 10 (1900), pp. 463-408. Bnuurorr MimtUlent, hmtead of ( 1 ), 
the system of n ordinary linear equations of the first order: 

j. n 

W 3™ " jE <uK*)Vl (» - 1,2, ■ ■ •, n), 

in which for \x\ > Ewe have 

an (%) m + Oi, + * • * + 1 + *. . (i, j m i # ...* w | 9 

the characteristic equation then becoming 

|a</ - S4fOt\ - 0; dij rn 0 if i 4 , j; ml \f f m j. 

The equation ( 1 ) may be transfonned into a system of the form (A) by plm*mg th x**y, 

y* - a^Y, •••, Vn - in which emm we find q m t Thun, whatever appltai to { A ) 

applies to (1) as a special case with q ** k. 

The important ease in which the coefficients Or(x) of ( 1 ) are rational polynomials mm dm- 
cussed m a series of earlier papers by Korn whom results are lummariiiMl by Van Vumm in Urn 
Boston Colloquium Lectures (1905), pp. 85-92. 

16 For the precise nature of this dependence, see BiiKiioyf, L 0., p, 4118. 



h being zero or a positive integer, we have, corresponding to the first result cited 
in § 31, the following: 

“ If the roots mi, m%, • • •, m„ of the characteristic equation 
(9) m n + ai.om” -1 + • • • + «»,o = 0 

are distinct and no one of them equal to zero, equation (8) possesses n linearly 
independent solutions yi, y%, • • •, y n valid for large positive values of z which are 
developable asymptotically in the forms 

(9) ' y r ~ [r(a; + l)] k m r T x>' 2 ) A '} *; r = 1, 2, • • •, n, 

where A r , o = l.” 17 

In case (9) has multiple roots, or a zero root (<z»,o == 0) the principal results 
thus far obtained appear to be those of Norlund who employs asymptotic 
“ faculty series ” and allows the independent variable x to range over complex 
as well as real values. Using his notation and including for the sake of complete¬ 
ness the case of distinct roots, his results are as follows : 18 
" Given the linear difference equation 

(10) 23 Pi(x)u(x — i) — 0, 


where the coefficients are faculty series of the form 


Cl 




C* 


(0 


( 11 ) 


Pi(x) - Co (i) + as 4- 1 + (* + 1 ) ( * + 2 ) 


+ ■ 


Cs 


(0 


0 ,1,2, ■ ■ - , k 
Suppose first 


(x+l)(x + 2)(x+3) r » 

all of which converge throughout the right half of the x plane. 18 
that the roots Oi, o», a», • • •, a* of the characteristic equation 

(12) co (0) z* + Co 05 ** -1 +-H c 0 w - 0; c 0 <0> + 0, c 0 w + 0 

are distinct. Then there exist k solutions • • •, «» of (10) such that through¬ 
out the sector — (jt/ 2) + e < a rg x < (x/2) — « (< arbitrarily small and > 0) 
we have 

T(*+l) 


(13) 


Uj ~ af 


T(x - pj + 1 ) 


<p s {x), 


where pj is a constant and <Pi{x) a faculty series of the form indicated in (11). 

17 Cf. Horn, Journ, fUr Mctih ,, VoL 138 (1910), p. 159. 

18 “Kongelig© Danake Videnskabemes Selskabs Skriftar” (M4m. da l’Aoad. Roy, da® Science® 
©t de® Lettres da Danmark), VoL 6 (1911), pp. 817-318. It would appear that the proofs of the 
results here stated have not as yet been published except in part. 

18 A very broad class of series of the form (11) have this property. See for example Nielson , 

“Handbueh der Theorie der Qamma^unctioE l ,, Leipzig (Teubnor), 1906, § 96, 
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Asymptotic solution u* uu, ******* 


In case (12) has multiple roots and af is an n-fold root, Nobltwd distinguishes 

(1) aj is at the same time an (« — p)-fold root of the equations 

v= 1»2, •••,«- 1. 

3=0 

(2) These conditions are not fulfilled. 

In (2) no asymptotic development exists of the form (13). 

In (1) there exist n linearly independent solutions u,(x ); s — 1, 2, • • •, n 
such that when - (t/2) + e < arg x < (r/2) - e we have 
u, ~ «/*$«(*); s = 1, 2, 3, • ■ n, 
where „ „. ... 

r(« + 1) , , N 3 r(® + 1) 

*•(*) = ^ Tix^P* + 1) + ^ * 9p t r(a - P» + 1) + t 

. , N d n l'(x + 1) 

+ ^( af )5p7r(*- p«+ i)’ 

the expressions <p 0 , <Pi, •••,<?« being developments of the form (11). 

If some of the roots of (12) are zero or infinite, it is necessary in order to obtain 
a system of fundamental solutions to use a series of substitutions of the form 

«( x) = [r (x^u^Cx) - r'* r (a:)j* (Mr) (r) 

and determine Mr so that the difference equation in u ( ^(r) shall have a charac¬ 
teristic equation containing at least one root which is finite and different from 
zero. It is always possible to determine in but one way a aeries of numbers 
Mi, Mi, •••> Mm such that the total number of roots which are finite and different 
from zero in the corresponding characteristic equations thus obtained is exactly 
the order k of (10). 20 If, whenever a multiple root occurs in one of these charac¬ 
teristic equations, the corresponding conditions under (1) are satisfied, then 
there exists a system of fundamental solutions of (10) each of which is asymp¬ 
totically represented within the sector — (ir/2) + e < arg x < (r/2) — « by a 
series of the form 

r M, '(*)ay*#,(a). 

Exceptions occur, however, when some of the numbers g, are not integers, since 
the coefficients in the above-mentioned difference equations are then no longer 
developable in faculty series of the form (11). For example, suppose p, ™ a 
rational fraction p/q. We may then put x *■ pa, u(x) ■* «(s) and derive from 
(10) a difference equation for «(z), thus demonstrating the existence of solutions 
expressible asymptotically in the forms 

KiWD- 

20 Noblund, Acta Math., Vol. 34 (1911), p. 16. 
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Important studies of (8) when x is complex and under the assi 
the roots of (9) are different from zero and distinct and that th 
a T {x) are rational fractions developable in the forms (8)' (wherein thi 
then converge for all |cc | sufficiently large), have been made also b 
and by Birkhoff, 22 with the essential result that there exists a sysl 
mental solutions 0(x ) = y x , y%, y 3 , ■ ■ ■, y n developable asymptol 
respective forms (9)' throughout the right half of the x plane, and 
time there exists a second system II(x) as y l} y 2 , ■ ■ - ,y n of fundame 
developable likewise in the forms (9/ but throughout the left half 
Moreover, the elements of the system <?( x) when considered in 
plane possess asymptotic developments other than (9)' whose fori 
arg x passes through any one of certain radial directions (“ secoi 
rays ”) lying in the second and third quadrants, 23 while similarly 
of H(x) when considered in the right half plane arc developable ai 
in forms differing from (9)' and changing as arg x passes through 
directions situated in the first and fourth quadrants. 

Returning again to the case in which x is regarded as real and 
assuming further that it is confined to integral values, we have, cor: 
the last result stated in § 31, the following: 24 

“ Let r(x) be one of the system of functions (3)' and put 

00 

ri(x) = r(xi). 

arjssas-f ! 

Suppose now there is given a difference equation 

[do + at 0 (x)]y(x + n) + [oi + 0 L X {x)]y{x + n — 1) + • * • 

(14) 

whose characteristic equation 

ao/a” + aiy n ~ 1 + • • • + On = 0 

has l different roots ju x , ■■■,}**. occurring n x , n%, •••, rti times 
(n x + % + ■ ■ ■ ni = n) and let n' be the largest of the numbers s 

11 Ada Math., Yol. 36 (1913), pp. 1-68; also Com.pl. Rend., Vol. 148 (1909), 

M Trane. Am. Math. Soc., Vol. 12 (1911), pp. 243-284. As in his studies on li 
equations (cf. footnote, p. —), Birkhoff considers a system of linear difference 
first order. In order to identify the forms (9)' with those occurring in his resu 
observe that 

r(* + l) » **+»»«-* (co+| + ^+ •••)• 

See for example Horn, Math. AnnaLen, Vol. 53 (1900), p. 191. 

23 For the precise statement, see Bibkhoff, l. c. f p. 277-278. See also p. 271 

24 Cf. Lovb in Am. Joum . Math. Obtained earlier by Ford in caae all root 
teristic equation have the same modulus (AnnaU di Mat., Vol. 13 (1907), p. 328 
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If a function r(x) exists such that for sufficiently large values of x 

|a r (*) | = g&n'-v > r — 0, 1, 2, • • - ,n, 

then for the same values of x the equation (14) has n linearly independent solu¬ 
tions y it t(x) expressible asymptotically in the forms 

y<, k(%) ~ **~V<*[1 + ««, *(*)]; i = lj 2, • • •, l; k = 1, 2, • ■ •, n,-, 
where e<, * vanishes at infinity to at least as high an order as that of n(x).” 

Summary 

34. A comparison of the results noted in §§ 30-33 would indicate that the 
study of the asymptotic solutions of either the differential equation (l) or the 
difference equation (8) is already in a fairly satisfactory state provided the 
assumption be made throughout that the roots of the characteristic equation 
are distinct, but much remains to be done in those cases where multiple roots 
are present. In fact, it is only for the equation (1) of the special orders n — 2 
or n = 3 that we find what could be described as a complete discussion, and 
even this has thus far been carried out only for the real variable x. 



CHAPTER IV 


ELEMENTARY STUDIES ON THE STJMMABILITY OF SERIES 

35. Introduction .—The divergent series 

( 1 ) 1 — 1 + 1 — 1 + 1 — 1 + 

was regarded by Euler 1 as having the sum § on the ground that the e 
1/(1 + x) gives rise by division to the series 

(2) 1 — x + x 2 — x z + — x h + • • •, 

so that in particular (placing x = 1) one must have 

(3) §=1 — 1 + 1— 1 + 1 — 1+ - 

In general, the “ sum ” of a series (convergent or divergent) was taken 
number most naturally associated with it from the standpoint of mat' 
operations. This conception, however, naturally led to inconsistenc; 
by developing the expression (1 — x n )j(l — x m ) into the form 

(4) l - x n + x m - x n+m + x 2m ~ 

and noting the result when x = 1 we obtain for the series (1) the sum n/ 
of f. 

The notion of sum as thus loosely conceived was eventually replac 
exact definition of Abel and Cauchy according to which the sum of i 

( 5 ) ao + a % + a % + + • • • 

is taken to mean the limit 

(6) s = lim («o + «i + + • • • + On). 

n=oo 

Series for which this limit exists were termed convergent, all others divei 
Of the two classes of series thus arising, the former occupied almost e: 
the attention of the immediate successors of Abel and Cauchy and t 
extent that all divergent series came to be regarded as of questionable 
indeed of doubtful significance. It is a noteworthy fact, however, t 
and Cauchy themselves never ceased to regard divergent series w 
interest and with the belief that such series should by no means be banii 
analysis for the mere reason that they fell outside the pale of the ; 
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definition (6). Each felt on the other hand that the subject presented a rich 
field for further research. 

O nly since the tune of W eierstrass has the question thus arising wz.p 
whether any numerical significance can properly be attached to a divergent series 
—been scientifically attacked and in large measure answered. The avenue of 
approach has been chiefly through the so-called boundary-value (Grenzwert) 
problem in the theory of analytic functions. 2 Thus, Frobenitjs 3 showed in the 
first place that if 

00 

(7) X 

»=0 


be any power series having a radius of convergence equal to 1, then 


( 8 ) 


lim X = li m " 


i ~h + Sj ~H • • • ~h s n 

»+ 1 


where s n = a 0 + ai + <h + • • • + a n . This was shown to be true, at least, 
whenever the limit indicated on the right exists. Now, the first member of (8) 
is naturally associated with the series (in general divergent) 


(9) 


00 



n=0 


so that it becomes natural to associate with the latter the sum 


( 10 ) 


s — lim 

n=oo 


so ~4~ 3i H~ fli ~H • • • H~ s n 
n + 1 


I 


whenever this limit exists. Formula (10), regarded as a general formula for 
defining the sum of any given divergent series (9), finds additional justification 
in the demonstrable fact that for any convergent series (9) the sum as defined by 
either (6) or (10) is the same — i. e., formula (10) is consistent. Moreover, this 
selection for s is seen to bear an interesting relation to the early statement of 
Etjxer noted above respecting the particular series (1), since, when applied to (1), 
it gives at once s = §. 


In the present chapter certain general studies are first undertaken (§§ 30-40) 
upon a few of the well-known, standard definitions for the “ sum ” of a diver¬ 
gent series. The definitions selected (which include (10) as a special case) 
are subjected in turn to a number of tests which it is believed any such definition 
may well be asked to satisfy, and the results attained are summarized in § 41. 


tor a description of this problem see Jahbatts, “Das Verhalten der Potcnarcihen auf dem 
Konvragenzkreise kstonseh-kritisch dargestellt,” Programm des Kgl. humanist. Gymnasiums 

Amltl'rH'S 111 1901) ’ PP ' ^ See ak ° KN0PF ’ “ GreMwer t« von Reihen bel der 
Annanerung an die Konvergenzgrenze,” Dissertation (Berlin, 1907) 

3 Joum. }Hr Math., Vol. 89 (1880), p. 262. 


The underlying principles guiding the development of these §§ are : 
the Preface and hence need not be repeated here. 

In the latter part of the chapter the essential properties of “a 
summable ” series are considered (§ 42) and this is followed by a fev 
mentary theorems and remarks on the theory of summability in gener 
being suppressed when reference can be readily made to them elsewhe 
36. Definitions of Sum .—Let any given series (convergent or dive 
represented by 

( 11 ) T,u» 

n=0 

and let us place 

n 

Sn “ ^ / Un. 

nsaO 

If (11) is convergent let its sum be indicated by S, if divergent let th< 
signed to it by whatever manner be indicated by s. 

The definitions for s to which we shall confine our attention 4 are a 


(I) 

where 

( 12 ) 


Sn M 


s = lim jy fr) > r fixed integer g: 0 (Cesa.ro), 6 

nan go 


S.« - + ■ • • + ’£ ± $-- ■ $±1 


D n M 


(r -f* 1) (f *4* 2) * • • (f -j" u) 


n l 


Under (I) is thus included as a special case corresponding to r = 1 the 
(10). The least value of r for which the second member of (I) exists is < 
degree of indeterminacy of the series (11). 

4 We have confined the attention to what may be called the older and beet kno? 
definition, (I) and (II) being connected with the early studies of Holder and CbsIr 
boundary value (Grenswert) problem for functions .defined by power series (see § 35] 
remainder, especially (III) and (IV), are connected with the independent and no 

studies of Borel upon divergent series. A form of definition prominent in the n 
literature, especially in England, is that of Ribsz (Compt. Rend., July, 1909): 

/ ti \ r 

8 ~ lim ( 1 Z ) l r *" integer « 0. 

There should be mentioned also the following definition of De La VallAb Poussin (. 
la dasse dee Sciences de I’Acadimie Royak de Belgique, 1908, pp. 193-254): 


8 


lim ( wo + £ 

nmtxt \ ktnsl 


n (n — 1 ) •»« (n — k 4* 1) 
(n -f* l)(n -f* 2) * • * (n + Jc) 



For a general study of possible forms of definition, see Silverman’s Thesis “On the defii 
sum of a divergent series” in Hie scientific publications’ of the University of Missoni 

1913, pp. 1-96. 

® Bulletin dm Sciences Math. (2), Vol. 14 (1890), p. 119. Chapman has extended 
tion to include fractional values of r (Free. London Math. Soc., Vol. 9 (1911), pp. 36$ 


(II) s — lim 5 n (r) ; r = fixed integer g 0 (Holder), 6 

W =oo 

where 

r 5» (0) = s n , 


S n U = —J-T ( 5 « (0) + ^X (0) + • • • + *n (0) ), 

n + 1 

(2) = _1 (5o (l) + *0) + • • • + 

n + 1 

s (r) = L (r-1) _f_ , (r-1) _|_-h«n (r_1) ). 

L n + 1 

(III) s — lim e~*s(pi) (Borel), 7 

a=3+oo 


where s(a) is 
of a) 

(13) 


defined by the following series (assumed convergent for all values 


*(«) = 

nmO ' A 


(XV) 


/»oo 

s= I e~ a u(a)da (Borei ,), 8 
Jo 


where 14(a) is defined by the following series (assumed convergent for all values 
of a) 

(14) u(a) = 

n-0«‘ 

I e~*Up(oi)da-, p = fixed integer lz 1, 
o 

where 

Mj,(a) = («0 + Ml + • ' • + Mp_i) + (Mj> + W p+ l + • • * + U3p-l)ot 

+ (msj. + •*• + Mjp-Oa 1 + • • •• 


(VI) 

-r 

Jo 

' e-'UpWda? 

where 



(15) 

tt / s V* UnOL np 

U » {a) ~ £ (np )! ’ 

p “ fixed integer sS 1 


37. Consistency of the Above Definitions .—It is at once to be assumed that 
any tenable definition of sum for divergent series must be such that in the case 

8 Math. Annalen, Vo! 20 (1882), pp. 636-649. 

7 «. “Legons,” p. 97. 

8 Cf. “Logons,” p. 98. 

8 Due to LbRot. Cf. Annates de la FactulU des Sciences de Toulouse (2), Vo! 2 (1902), p. 217. 


of a convergent series it gives s — 8. This property of a definition is < 
consistency . 10 We proceed to establish the consistency of all the above d 
by a uniform method based upon the following general lemma in the 1 
limits. 11 

Lemma. —Let so, sy s 2 , •••,$„, • • • be a sequence of quantities (real 
plex) such that lim s n = l and let ao (p) , ai (p) , a^, • • •, • • • be a 

w=oo 

of positive quantities (weights) dependent upon a parameter p (ind 
of n). Also let it be supposed that the expression 

00 

Za n ™s n 

q ^ nssO 
eo 

has a meaning for every value of p in a given sequence P of positive 
which increase indefinitely to + =o. If, then, p be allowed to inc 
definitely ranging over the values in P we shall have lim S p = l provi 

flsa-fOO 

M 

z^ . 

(A) lim .- - 0, 

Za»<”> 

nm o 

where m is any fixed positive integer (independent of p and n). 

Proof. —We have by hypothesis = l + «»; lim e» **= 0 and it si 

show that lim D v = 0, where 

pmm 

00 

Za, n ( p) s n 

- I 

Zan 

%m 0 

By writing 

mm so 

Zctn {p) »n = Z On (P> 5n + Z On lp) 8» 

n«*0 *m0 nmm+l 

and then placing s„ = l + «n in the last term here appearing we obtain 

Z (*» ~ l)a» (p) + Z <*a» lp) 

Y\ _ »»ss0 

Up — •— ^ .*.'.*.. 

Za» ip) 

10 Of. Bromwich, “Infinite Series” (London, 1908), § 100. 

11 Cf. Ford, American Journ. of Math., Vol. 32 (1910), p. 320. As toe genei 
lemma was first obtained and applied to the discussions of the present chapter by Mi 
in his thesis entitled “ On the Characteristic Properties of Sum-Formuke in the Theory oi 

Series,” University of Michigan, 1911. 


Whence, if we indicate by <7™ a positive quantity such that g m ^ | j.-|; i = 0, 
1, 2, • • •, m, we may write 

|d,|s<*. + |i|) 5 = ! 


nssw+l 
oo 




W=s0 


n=s=0 


This relation holds good for any preassigned value of p belonging to P and 
for any preassigned arbitrarily large positive integral value of m. The same 
having been once established, let us now choose an arbitrarily small positive 
quantity € and then take m so large that | e n \ < e; n = m -f 1, m + 2, • • •. 
We may then write 


Whence, 


£ |*|a*<*>< titan™- 

n—m+1 L ns&m 


D p < (g m + 1 1 1) ‘» 

£a» (rt 


W9f 

Y,On M 


n -0 


r «*<>•> 


from which the desired result follows as soon as we introduce the hypothesis (A). 

38. We may now easily show the consistency of definition (I). For this 
purpose let us take P in the lemma of § 37 as the sequence of positive integers 
0,1, 2, 3, • • •, and let a» w be defined as follows: 


(r) = 


r(r + 1) 


d n 


aj-rt = 1 when 


(p 

n 


(r + p — n — 1) 
— n)I 


r> 


o» 


when n < p; 
(p) a> o when » > p. 


Then S p = S P M /D P M where S P M and are given by (12). Condition 
(A) of the lemma is satisfied since 


lim 

p=oo 


-= llD 


= lim 

jP =00 


(r+l)(r+" 2)~ ••• (r + p) 

pi 

r-j_ + _ .... 

L r + P (r -+• p)(r + p — 1)" r 


, .. rp(p - 1) ••• (p ~m + 1 ) ] 

(r +• p)(r + p — 1) • • • (r + p — m) J "" 

Thus we have the desired result: 

lim S p ■> lim s n = 8, 

pssmao nmm 

provided the latter limit exists, %. e., when (11) is convergent. 



The consistency of (II) follows directly from that of (I) if we m 
the following established result: “If the limit a defined by (II) e 
given value of r then the limit s defined by (I) exists for the same vah 
conversely. Moreover, the two limits a are the same.” In view of 
it appears that formulae (I) and (II) are coextensive both in applici 
in the values of a which they associate with a given series (convey 
vergent). As the proof of the indicated result is lengthy, it will be omi 
To show the consistency of (III), let P be taken as the continue 
pgO and let = p n /n 1. Then 

^0 + 5ip + oT+ • * • 

Sp = —-“2-= e~ p a(v). 

l + P + fj+ ••• 


Condition (A) is satisfied since 


( 10 ) 


lim e~ p 53 t = 0. 


PSMQQ 


Thus the lemma yields the desired result: 
(17) 


lim e~ p a(p) = lim «r*a(a) = lim a n — S. 

pm nmm 


In considering the consistency of (IV), we first note that when ( 
vergent, lim u„ = 0. Whence, if we apply the lemma of § 37 with a 

nmam 

a n <p> S3 p*j n 1, noting also relation (16), we obtain 

(18) lim tf”%(p) *» lim cn*w(a) ** lim n„ = 0, 




where u(a) has the meaning given in (14). 

Now, from equation (17) together with [«^“a(a)] a . 0 *» ua, we may 


But 

where 


S — Uo = J' le~“a(a)]da. 


~[e-*a(*)} - <rV(oO - a(a)l 


J^«(a) ■=» s'(a) = Si + s*x 4- jjTj 4* * * 
Whence, if we note that 


d a 2 

^ti(a) =» u'(a) = s' {a) — 8 (a) = U\ + u^a Us 21+ * • *j 

“ See Fobd, l. c., pp. 315-326. Also Schnbb, Math. Annalen, Vol. 67 (1909), 
In view of this result we shall omit the detailed discussion of (II) throughout the pit 
all statements respecting it bang identical with those obtained for (I). 
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we have 

( 19 ) S-u 0 = e~*u'(a)da. 

Whence also, upon integrating by parts, 


g _ Wo = + jf" e “j^jf 

[ “loo p<x> 

e^luia) — Uq) J “b J e~~ a {u(a) — uo}da. 

Introducing (18) together with 

X oo 

e~ a u 0 da 

we reach the desired relation: 

/»oo 

(20) I e~~ a u(a)da = S. 

Jo 

Definition (V) is at once seen to be consistent, for when (11) converges to S 
so also does the series 

(«8 -f- «1 + * ’ ‘ + Up-l) + (%> + Up +1 + • * • + Uip-l) 

+ («2p + 1Hp +1 + • • • ■+* W3p-l) + • * •» 
and by applying (IV) to this series we obtain the desired result: 


X oo 

e~ a Uk(a)da = S. 


likewise, the consistency of (VI) may be shown by use of (20) for it is merely 
the application of this equation to the series 


+ 0 + 0 + *•* + 0 + Wi+0+0 + • • • -j- ^2 "h 0 ~f" * • •, 

wherein p — 1 zeros are inserted between each term and the preceding term 

in (11). 

39. The Boundary Value Condition .—It is well known that two definitions 
of sum, both “ consistent ” (§ 37), do not necessarily give the same sum to a 
given divergent series. In other words, consistency alone is not an adequate 
principle upon which to base a scientific theory of summation because it does 
not insure uniqueness of sum. 13 A theory free from this objection may be 

See remarks in Preface. It would appear that many of the formulae for sum suggested 
within recent years have been obtained from considerations quite regardless of the question of 
uniqueness. 



attained if (having demanded consistency) we confine the attentio 
series (11) for which the corresponding power series 14 

(21) f(x ) ss Z UnX n 

»=0 


has a radius of convergence equal to 1 and then agree to retain those 
of sum for which 

(B) s = lim f(x). 

SG—l—0 

This procedure is in line with the historical genesis of the theory of si 
and allows the theory a well-defined usefulness in the study of analytic: 
Indeed, if a general, self-consistent theory is to be formulated, it woulc 
it should contain (13), or an equivalent condition, though such a 
evidently tends to limit the immediate range of applicability of the 1 
particular class of series (11) (cf. Preface). 

Having assumed, then, that the series (11) is such that the power 
has a radius of convergence equal to 1, we shall undertake to deteri 
present § those definitions of sum which satisfy (J3). Definitions 1 
property we shall speak of as satisfying the boundary value condition. 
Wc begin by showing that definition (I). satisfies (33), i. e., 

(22) lim Z u n x n = lim «S„ W /D„ W , 

assail—0 naO nssoo 

whenever the latter limit exists. This may be done as follows by th« 
lemma of § 37. 

Let the s n of the lemma be taken as &„ W /A> (r) . Then place x 
so that as x ranges from a to 1 (0 < a < x) the quantity p ranges fron 
to + oo; also take o„ <rt = Z> n w (l — l/p) n - The expression S P of 
then becomes 


Z,V>(l - *)” XX ( 'V» (1 - z)-^ £u n x» , 

S n«sO \ jP / _____ Hast) _ f lssQ _ T 

P 5=1 -’“•“■■-y-—..rr™ — , ^y-Cr+i) ^ 

(1 

nm 0 \ jP / »asO 


14 It is to be observed that this series is formed by supplying the successive pov 
(11) beginning with a; 0 , thus excluding, for example, the series (4) in connection wi 
of (1). This choice of /($), though arbitrary, is evidently the most natural and 1 
likely to result in a theory of summability having useful supplemental relations to t] 
value problem. 

15 Some sum-formulae, such as (IV), § 36, not only satisfy (B) when applied i 
for which (21) has a radius of convergence equal to 1, but they have the further j 
they preserve a meaning in certain regions in which la?) > 1 and in these region 
analytical continuation of (21) (cf. § 44). 


so that 


lim S p = 

jpssOO 


00 

lim ^2unX n . 

«s=l—0 »3=0 


Let us now confine ourselves, as may be done without loss of generality, to 
values of p pertaining to the sequence P 3 1, 2, 3, • • Condition (A) of the 
lemma is now satisfied, since 


(r+ i)( H . 2 )/ _ iy 


= lim- 

*■""1 + 


1+ &±«( 1 _; ) ) + 


+ 

+ 


which expression is evidently equal to zero since the denominator has a meaning 
for all p > 0 but becomes infinite with p, while the numerator remains finite as 
p = oo. 

Applying the lemma, we may therefore write (22) as desired. 

We turn next to definition (III) and shall show that (#) is again satisfied, i. e„ 


(23) lim Etvr n = lim <r“«(a), 

ftsasl~»0 TtsaO o,«aoQ 

whenever the latter expression has a meaning. 

For this purpose we first note that for any series (11) (convergent or di¬ 
vergent) for which the second member of (22) exists we have in the notation of 
§36 

(24) -l~[e~*s(a)] = <T a [s'(a) - s(a)] = <rV(a); [<*-*«(«)J«»# «o 


and hence 

(25) lim e~°3(a) 


Wo 


+ ^[e~*«(a)](ia — Wo + jT e~*u'(<x)<ke. 


Conversely, it appears from the same relations (24) that for any series (11) 
for which the last member of (25) exists, the second member of (23) exists also 
and we have relation (25). 

This premised, let us return to the series (21). Since this series is convergent 
when |a|< 1 it follows from the consistency of definition (III) that when 
0 < x < 1 


Ew»a: n *= lim (r*6 x (a), 

**s»0 amw 

where s x (a) represents the function s(a) corresponding to the series (21). Whence, 
upon applying (25), we have also 



u'(ax) — — u(ax). 


(26) 


oo /too 

= Uo + I e~" a u' (ax)da; 

9%=0 J o 


Assuming for the moment that the integral here appearing converges 
for all values of x in the interval a<*<l;a>0we now have, usi 


oo /too 

lim Y) tux n = wo + I e~~*u'(a)da = lim e~ a $(a), 

»”sl— 0n=0 %/0 a=oo 


thus reaching the desired relation (23). 

That the integral in (26) converges uniformly for values of a; in tl 
a < x < 1 may be established as follows: Place ax — y and subsequen 
* by 1/(1 + 8). The integral under consideration thus takes the fora 


(27) 



e -*vc-»u'(y)dy, 


so that it now suffices to show that (27) converges uniformly for all 
in the interval 0 < 8 < b; b =* (1 — a)ja. 

Now, the integral 


(28) 


r 

J 0 


e~ v u , (y)dy 


converges, as appears from (25), when we make use of our hypothcs 
second member of (23) exists. Moreover, the expression e~ >v is p< 
steadily decreasing as y increases and it becomes equal to 1 for all ■ 
when y *■ 0. We have therefore but to apply Abel’s test 18 for tl 
convergence of definite integrals to reach the desired result concerninj 
We proceed to show that definition (IV) also satisfies condition (I 

oo rm 

(29) lim ** I e~‘u(a)da, 

*3»i—o nmQ %/Q 

whenever the latter expression has a meaning. 

From the consistency of (IV) we have in the first place 

00 /*«0 

lim Yl’UnX” = lim I e~ a u(ax)da, 

xvl—Q arsal—0 

so that it suffices for our purpose to prove that 

J /*®0 /»00 

I e~°-u(ax)da — I e~ a u(a)da. 
o *Jq 


18 <X Beomwicii, L c. 9 1171 (2), 
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Placing ax = y and subsequently replacing x by 1/(1 + 6), 17 the integral 
in the first member of (30) takes the form 

(1 + 0) f e~%- y u(y)dy 
Jo 


and we may now show by applying Abel's test, as in the discussion of (III), that 
this integral converges uniformly for all values of 6 in the interval 0 < 6 < b; 
h > 0, with which the proof of (29) becomes complete. 

Definition (V) does not in general satisfy condition (. B ), as appears from an 
example. Thus, let the series (21) be 


1 

1 + x 


= E(-1) 


n x n 


and take p — 2. 
zero. But, 


Then u p (a ) = 0 and hence s, as given by (V), is equal to 


lim (— \) n x n = 


1+1 


That definition (VI) satisfies condition (B) may be readily inferred from 
reasoning similar to that followed in connection with (IV). Thus, from the 
consistency of the definition we have 


(31) 

where 


® />» 

lim 2_,WnZ” = lim I e~ a U p , x (a)da, 

X=l—o 71=0 X=l—-0 J 0 

TT t \ X'Un<X nt X n 


Upon placing x = z* the second member of (31) takes the form 

lim f e~ a U p (az)da, 

*== 1—0 Jq 

where U p is defined by (15). Now place az=y and subsequently replace z by 
1/(1 + v). Expression (32) then takes the form 

<33) Km (1 + 6) J e-»e-*«U p (y)dy, 

Since the integral 

poo 

I e ~ v U p {y)dy 
«/0 

we ma y s Kow by means of Abel’s test, as in con- 

I B • . + (IV) ’^ at the mtegral 111 ( 33 ) is uniformly convergent for all values 

of # a.theinterval 0 < * < 6, with which the proof is at once completed. 

17 CL Bromwich, l c., p. 121* 



v*w^h*juj.XJ.XS.JU V/l JUJHJiJ.XVJ.HO 


40. Fundamental Operations. —Besides being consistent and satis! 
boundary value condition (jB), 18 it is evidently desirable that the sum 
to a numerical divergent series (11) shall, at least so far as possible, b 
which the usual operations applicable to convergent series are preserv 
operations of this type which we shall consider are the following: 

(C) If s represents the sum of the divergent series (11) by a given c 
then the series 

00 

(34) 2D u n ; k = positive integer 

nmak 

shall have a sum s w by the same definition such that 

(35) S W = S — (U Q + Ui + • • ' -f Mfc-l). 

Conversely, if the series (34) has a sum by a given definition then 
(11) shall likewise have a sum s by the same definition and relation 
exist. 

(D) If with a given definition of sum, the two divergent series: 

(36) tun, ±v n 

%m 0 »ssO 

have respectively the sums #i, s%, then the series 

00 

X) (Un d= ®n) 

»*sO 

shall possess by the same definition the sum Si ± **. 

(E) With the hypotheses stated in (Z>) the series 

(37) X) w nt 

i|s»0 

where 

W n =® UoV» + UiVn-l + * * * + Un- 1®1 + «»*0 

shall have the sum SiSt (at least after certain additional conditions 1 
placed upon Un and v n analogous to those imposed when two convergent 
multiplied together). 

We begin by showing that definition (I) satisfies condition (C). I 
evidently suffices to suppose 4=1, since a repetition of the reasor 
from this to the general result (35). 

»» For reasons stated at the beginning of § 39 we shall continue throughout the i 
regard the given series (11) as belonging to the class for which the corresponding i 
(21) has a radius of convergence equal to 1. This hypothesis, however, plays no 
deductions about to be made. 


Placing 


S n = ^0 + ^1 + * • • + %it 

(?n = 4" U2 + * * • + Un+l, 


,«.« = ». + r»„, + ^ »-»+■■• + Xr+B-^+.-H 


r(r + 1) 


iS n {r) = <r„ + r(r n _ x d-gj— Cn-i + • • • + 


r(r + 1) • • • (r + » — 1) 


. I ff o, 


DJ* = 


(r + 1) (r + 2) • • ■ (r + n) 


we are to show, then, that if the limit 


si = lim iS.w/D.w 


exists so also does the limit 


5 2 = lim ,S„w/D n W 


and that Si = Wo + s 2 , with the corresponding converse statement. 
Since «n+i = m 0 + a n we have 


o cri _ i _ i _ i r ( r H - 1) , i r(r -|“ 1) • • • (r -f- w — 1) 

lSn+l ( 5 = CUo + + POn-l -|-r--or„_a + • • • H--~~ .—"—-- ffc 

■cl nl 


where 


f - i | r | r ( f + 1) , . r(r + 1) • • • (r + » - 1) 

c — 1 ■+• M- 2 i-r • • • H--—j . “ D n w . 


Whence, 


lW r) Dn + 1 M lS„ + l (r) 


Tv*" iw* - Wo+ />> • 


The desired result (both direct apd converse) now follows upon noting tha- 


r ZW r) , 

lim,« fTTfir 1* 

JtwsOO JJn 


As regards definition (III), it appears from an example that this does noi 
always satisfy (0). Thus, consider the special series (11) for which «o> tti, • • 
are so determined that 


sin (e“) — ua + («o + Ui)a + («o + Wi + «s) + 

For this series we have 


s = lim e~ a sin («*) = 0; = lim [J-sin («•) - - lim cos (s*)-u 0 

asss0 ° J ~ 


so that although s exists, the same is not true of s a K 


In this connection we may, however, establish the following noteworthy 
result: 

“ If the series 

00 

(39) E«n; p = 0,1, 2, 3, •••,& 

nap 

are each sumrnable by (III) to the respective values s, s m , s (2) , • • •, s m , then 
relation (35) is satisfied.” 

In fact, with s n and cr n defined as in (38) and with 

s(a) = # 0 + Si<x + ^2i+ • • •, 


or 


<r(a) = <t 0 + cria + <n + 


o ? 


(Toa + 21 + 


we have, since « n+ i = uo + <r n , 
s(oc) — Uo 4* («o + <ro)a + («o 4- ffi) — + 

Or, since <x n = cr n+ i — ■u n+2 , 

»(a) «>» «o«“ + j” (<ri — u%)a + (<r* — u 3 )^ + • • • J . 


= Uoe a 4" £ 


or 


Whence also 


o~*s(ot) = «o 4- 0~*cr(a) — (TV(a), 

where «(«) is determined from (14). It therefore remains but to show that 
lim c~ a u'(<x) =» 0, in order to prove the indicated statement for the case in which 
k 1. 

Now, having assumed that both lim e~*s(a) and lim e^aia) exist, it follows 
from the last equation that lim e~*u'(a) exists also. Moreover, we have (cf. (25)) 

f m 

6~ a u'(ci)da 


so that the only possible value of lim is zero. 19 

Repetition of the reasoning now leads to the more general result as stated 
above. 

Turning to definition (IV), it again appears that a series (11) which is sum- 
rnable by this definition may not satisfy (C), but that the following result may 
be established : 20 

“ If the series (39) are sumrnable by (IV) to the respective values s, a (1) , 
£«), .. , f gik) f t} ien relation (35) is satisfied.” 

11 It may be observed that the exiatenco of the integral in (40) does not suffice to establish 
the equation lim e“*«'(<») ■> 0 (cf. Bromwich, l. c., p. 278). 

“Cf. Hardy, "Restsirehes in the Theory of Divergent Series, etc.,” Quarterly Joum. of 
Math., Vol. 36 (1904), p. 30. 
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In order to see the truth of this statement for the case in which Jc = 1 we 
first note that by an integration by parts we obtain 


(41) 


✓*oo r “la=oo 

= j e~ a u(a)da = — e~*u(a) 

a/0 L Ja=0 


+ 


/»oo r "lass 00 

I e~~ a u'(oi)da = e~~ a u(a) 

Jo L Ja »0 




From this relation combined with the assumed existence of 9 and s (W it follows 
that lim e~ a u(a) = 0 so that we have as desired s m — s — ut>. In order to 
prove the more general case we have evidently but to repeat the same reasoning 
k times. 

Definition (V) does not always satisfy condition (C) since, as we have just 
shown, it does not do so for the special case in which p — 1. Likewise, the 
same is true of definition (VI) (which reduces to (IV) when p = 1), but we here 
have an alternative result similar to that indicated above. 

We turn then to condition (D). This is evidently satisfied by two series 
summable by any one of the definitions of § 36 and, therefore, needs no further 
comment. 

As regards condition (E), it is obviously necessary to impose further condi¬ 
tions than that of the mere summability of the two series (3(5) in order that (E) 
be satisfied, at least in general, since even in the case of two convergent series 
such supplementary conditions are required. We here have, however, the 
following noteworthy result of Cesiiro relative to series (36) summable by (I): 

“ The product series (37) of two series (36) whose degrees of indeterminacy 
(§ 36) are respectively r and s is summable and has a degree of indeterminacy no 
greater than r + e + l-” 21 

Conditions under which condition (E) will be satisfied by definition (IV) will 
be considered in § 44. 

41. Summary of Results. —The principal results of §§ 35-40 may be sum¬ 
marized into the following statement: 

Let 

( 42 ) tun 

»=a0 


be any divergent series sneh that the corresponding power series 

00 

UlunX" 

ttssO 

21 We omit the proof of this wen-known result. The same may be supplied from Bbomwxch, 
l c., § 125. For CbsIro’s original proof, see Bulletin dm Sdmm Math., Vol 14 (1800), pp, 118, 
etc. 



has a radius of convergence equal to 1. Also, let (I), (II), (III), (IV), (V) and (VI) 
represent the six definitions for sum indicated in § 36, 

Ifi then, we represent by (A) the condition of consistency (§ 37), by ( B) the 
boundary value condition (§ 39) and by (G), ( D ) and (23) the conditions of § 40 
carried over from the theory of convergent series , the relation of the various definitions 
to these conditions appears in the following table wherein the * when placed in any 
square indicates that the corresponding definition and condition are compatible: 



I 

IT 

III 

IV 

V 

VI 

A 

* 

* 

* 

* 

* 

* 

B 

* 

* 

* 

* 


* 

O 

★ 






D 

* 

★ 

* 

* 

* 

* 

E 





| 



Fig. 5 


Moreover, the squares corresponding to (III, G), (IV, C) and (VI, G) may also 
receive the * provided^pne substitutes for (C) the following slightly more restrictive 
condition : 

(G) r If the series 

00 

2«n; P = o, 1, 2, 3, •••, k 

n»p 

are each summable in accordance with a given definition of mm to the respective values 


s, « (1) , s w , s (8) , •••, 

then 

= a — (tto + Mi + • • • + 

42. Absolutely Summable Series .—A noteworthy class of divergent series (11) 
for which conditions (A), (B), (C), (D), (E), of § 41 are all satisfied when we adopt 
the definition (IV) of sum, has been pointed out by Borel and made the object 
of especial study throughout his investigations.** Such series are called abso¬ 
lutely summable and are defined from the fact that not only the integral 


(43) 


I e~ a u(a)da 
o 


is supposed to exist, but also each of the integrals 


Xao 

« - *|tt <J,) (a)|da; 


* Cf. “ Logons,” Chapter III. 


P“ 0,1, 2, 3, • • •, 


wherein u (p) (a) denotes the pth derivative of the (integral) function u(a) (cf. 
(14))- 

Absolutely summable series, as thus defined, being but special series summable 
by definition (IV), at once satisfy conditions (A), (B) and ( D ), as shown in 
earlier §§. It therefore remains but to consider such series with reference to 
conditions {G) and (E). 

Now, if the series (11) is absolutely summable, it follows from definition that 
both s and s (k) exist. Whence, by the results obtained in § 40, we have relation 
(35). In order to complete the proof that (C) is satisfied, we must now show 
that if the series (34) is absolutely summable, so also is (11) and that with s and 
s (k) defined as before, relation (35) exists. For this let us first consider the case 
in which k = 1. 

Place 23 

/*X I 

${x) = I |w'(0|<ft3s I u f (f)dt . 

Jo I Jo 

We thus have 

<p(x) S \u(z) — tto| 

and hence 

!«(«)!= <p(p) + |« o |, 

so that the integral 

f oo 

e~*\u(x) \dx 


must converge whenever the same is true of the integral 

(44) f e~ x <p(x)dx. 

Jo 

Now, by identity 

f e X <p(x)dx = — e"~ x (p(X) + f e' mmx <p / (x)dx 
4/0 Jo 

and consequently, because <p(X) and <p f {x) are both positive, 

— r* r m 

I e~*<p(x)dx < I e-*<p\x)dx < | e~V(*)<fe. 

T \ US * he u int ! graIS an< * exist. Upon again applying the results obtained 
m § 40, the desired conclusion now follows for the case in which k - 1. 

A repetition of the reasoning evidently leads to the more general result. 

(B) J pr ° Cee<1, then> to stow tllat absol utely summable series satisfy condition 


23 Cf. Bromwich, l. c., § 106. 

The proof which follows is essentially that given by Bromwich (l c,, § 106). 



In the first place, we may write (see definitions of Si and s* in (36), and note 
(43)) 

S 1 S 2 — lira f f e~^ x+y ' l u(x)v(y)dxdy, 




in which the double integral appearing in the second member is understood to 
be extended over the square OABC of side X situated as in the following figure: 


s 

/ 

/ 


\ 

B 


/ 

/ 

/ 


_ NJ 


V\ a A' 
Fig. 6 


In fact, we have 

lim f f (x)v(y)dxdy — lim f f e~ (B+v ^u(x)v(y)dxdy 

Xsseo J J \smvq Jo J 0 

D r*k /*k "I /*oo /»eo 

I e~ x u(x)dx I e~ v v(y)dy — I e~ x u(x)dx I e~ v v(y)dy = Sia%. 
0 Jo J vO Jo 


Now, in case u(x) and t(y) are always positive the indicated double integral 
when extended over the triangle OA'C has a value lying between the corre¬ 
sponding integrals taken over the squares OABC, OA'B'C, and since the latter 
each approach the limit as X = <», the integral over the same triangle will 
also approach the limit On the other hand, if u(x) and v(y) are not always 
positive, the absolute value of the difference between the integrals over OABC 
and OA'B'C' may be made arbitrarily small by taking X sufficiently large, as we 
shall show presently, thus again rendering the integral over the triangle OA'C' 
equal in the limit to *i*j. 

In order to show this, let us represent by 1(8) the integral in question when 
extended over any given area jS. Also let 0(8) be the corresponding integral 
when the absolute value of the integrand is used. We then have 

1 1(0 ABO ~ I (OA'C') | - 1 1(CBC) + I(AA'B) | 

£ | I(CBC) | +1 1(AA'B) | < G(ABCC'B'A'A). 

Since ABCC'B'A'A - OA'B'C' - OABC and since the integrand of Q(S) 
is always positive, the last member of (45) may be written in the form 


(45) 


r /*ax s*k nk 

(f~ x \u(x)\ dx I <r v \v(y)\dy — j e~ x \u(x) \dx I (T v \v(y)\dy. 
Jo Jo Jo 


Moreover, since the series (36) are by hypothesis absolutely summable, each of 
the iterated integrals in (46) approaches the same limit when X = so that 
the expression (46) itself approaches the limit zero. 

We may therefore in all cases write 

(47) sis* = lim // e~(^u(x)v(y)dxdy, 

X=oo 


where the integration is performed over the right triangle OA'C', the length of 


whose side is 2X. 

This result being premised, let us now introduce into the second member of 
(47) the new variables £, y defined as follows: x + y = £, y = £ij or * = £(1 — y), 


y - &)■ 

We then have 25 


dx dx 


dydx = 


d£ dr) 

dy dy 
d£ dy 


d£dii = £d£drj, 


so that the integral in question becomes 


(48) 


p2\ pi 

I e~ f £d£ I «[£(1 - y)M£y)dy. 

«/0 %/Q 


Concerning the limits of integration here, we wish to integrate over that 
area in the £, y plane which corresponds to the area of the triangle OA'C in the 
x, y plane. Now, the three sides of the triangle are respectively x *= 0, y “ 0 
and x + y = 2X, and our first problem is to determine what these bounding lines 
become in the £, y plane, it being understood as indicated above, that the 
equations of transformation are x = £(1 — y), y = £?j. Evidently, corresponding 
to x = 0 we have the two lines £ = 0, y = 1, while corresponding to y 0, we 
have the two lines £ = 0, y = 0, and corresponding to x + y « 2X we have 
the one line £ = 2X. The area bounded by these four lines is that of the rectangle 
whose vertices (in the £, y plane) are (0, 0), (2X, 0), (2X, 1), (0,1). Whence, the 
limits of integration are as indicated in (48). 

The series for u(x) and r(y), being power series are absolutely convergent. 
Hence, by the rule for the multiplication of two such series, it appears that the 
expression «[£(! — »;)M£ij) may be expanded into a series whose nth term is 


(49) 




U/Onr-r 


-or! (n — r) 


\V~Q- -vY 


Moreover, this series will be uniformly convergent as regards y throughout the 
** See, for example, Goubsat, “Corns d’Analyse,” Vol. I (1902), p. 298 


-tLJ3»UJjU XJliJUI O U iYllVXA.J3JuJEj kJH-JtHJlO 


interval 0 < 77 < 1 since for all such 77 values the term (49) is less in absolute value 
than 

fcn V' 1 Ut| \Xnr-r\ 

■* /M ! (M t 


f^ 0 r\(n — r)l 


and this expression is the nth term of the (convergent) product series obtained 
by multiplying together the (convergent) series 


E^r, E-^-p. 

»=o n I s r>=o ra I 


The integration with respect to 17 in (48) may therefore be performed term by 
term upon the series whose rath term is (49), thus giving 




f I} n r (l — I}) r dy 
«/# 


r!(« — r ) ! 


(ra+l)I 


Thus we have 


f u[£(l — v)M&)dy = E 

*/0 naO 


r n (n+ 1)1' 


where w n has the meaning used in condition (23) (§ 40). 
The integral (48) thus becomes 




where 


^-S's+iri 


and accordingly we have the equation 




The second member of this equation is seen to be the sum of the series 


0 + wo + wi + • • •, 


so that our final result will now follow as soon as we show that under the existing 
hypotheses the series 

(52) w 0 + wi + w 2 + 


is summable by definition (IV). 
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Studies on summability 


We may in fact show that the series (52) is absolutely summable. Moreover, 
since we have shown that absolutely summable series satisfy condition {€), 
it will here suffice to show that the series (51) is absolutely summable—i. e., that 
the integrals 

rrt\WW®\dt; 4- 0,1, 2, 3, ••• 

Jo 

converge. The proof of this presents no difficulties and will therefore be omitted. 26 

43. Uniform Summability —Following analogy with uniformly convergent 
series, Hardy 27 has proposed the following definition of uniform summability 
for divergent series, basing the same on the form (IV) (§ 30) of definition of sum: 

Definition I. If (instead of the series of constant terms (11)) we have the 
series (convergent or divergent) 

00 

£«»(«)> 

nmO 

in which each term «*(a) is a function of the (real) variable a, this series is 

uniformly summable throughout the interval jS < a < 7 if for these values of a 
the integral 

00 /*« 

S Un(a) m I e~ z u(x, a)dx 
0 •A> 

converges uniformly, wherein 

* a" 
u(x, a) = Z)«»(«)—.. 

nnO 

Upon the basis of this definition the following theorems analogous to those 
encountered in the study of uniformly convergent series may be established: 2 ® 
Theobem I. " If all the terms %,(<*) are continuous functions of a and 

S w»(«) 

»»0 

is uniformly summable, and 


uniformly convergent for any finite value of x, in an interval (fi, y), the sum of the 
first series is a continuous function of a throughout the interval.’* 

Theobem II. “If 

S u n '(a) 

is uniformly summable in (a® — ao + £) and 
m Cf. Bromwich, L c., pp. 282-288. 

27 See TramaeOom C<mbridge Pkttos* Soc., Vol. 19 (1904), p. SOL 
Cf. Hardy, L c. 



uniformly convergent for any finite value of x, the series 

00 

k!*) u n (pt) 

»a=0 

may be differentiated term by term for a = oiq.” 
Theorem III. “If 

(53) S«n(«) 

n =0 

is uniformly summable in (/S, y) and 


2 D %%(&) 


ni 


uniformly convergent throughout the domain (0, X, /3, y) however great be X y the 
series may be integrated term by term over (f} y y)” 

Extensions of Theorem III to cases in which (53) fails to be uniformly sum¬ 
mable in the neighborhood of a finite number of isolated points within (/S, 7 ) 

and to the case in which |S » 00 have also been obtained. It would appear, 
however, that with the indicated meaning for 


S «»(<*), 

tiasO 

Theorems I, II and III together with their generalizations relate in substance to 
the properties of definite integrals of a certain prescribed type rather than to the 
subject of infinite series, the latter appearing merely in the rfile of suggesting the 
type in question. For this reason the notion of “ uniform summability,” at 
least as formulated upon the basis of definition (IV) (§36), together with the 
resulting theorems appear somewhat artificial. This seems less true, however, 
in case definition (I) (or (II)) is adopted. Thus, confining ourselves for sim¬ 
plicity to the important case in which r = 1 , we then have the following 
Definition II. W A series (convergent or divergent) 

(54) J2un(a) 

w«0 

in which each term u n (<x) is a function of the (real) variable a, is uniformly 
summable throughout the interval /9 < a < 7 if for these values of a the ex¬ 
pression 

+ + whtre _ Ma) + + ... + 

n 1 


converges uniformly to a limit U(a). 

** Cf., for example, C. N. Moobe, Transactions American Math. Soc. t Vol. 10 (1909), p. 400. 


The theorems corresponding to I, II and III now become considerably more 
direct. Thus, corresponding to Theorem I we evidently have the following: 

“ If all the terms u n (a) of the series (54) are continuous and the same series 
is uniformly summable throughout the interval 03, 7 ), then its sum U(a) is con¬ 
tinuous throughout ( 8 , y).” 

The corresponding forms for Theorems II and III can be at once supplied. 
Supplementary Remarks and Theorems 

44. From §§ 41-43 it may be concluded that of the six definitions of “ sum ” 
in § 36 those deserving of especial emphasis are (I) (Cesaro) or its equivalent 
(II) (Holder) and (IV) (Borel). We now add certain noteworthy results 
respecting (I) and (IV), omitting proofs in cases where suitable references can 
be given. 

1 . If a series (convergent or divergent) is summable by Ceshro's method for a 
given value of r (cf. § 36), it is summable by the same method for all larger (inte¬ 
gral) values of r. 

In fact, with S n M and D n M defined as in ( 12 ), we have the identities 
& (rM) = So M + £l (r) + + ••• + 

Dn Cr+1) = Do (r) + I)i M + Z)»w + • • • + Drf r) , 

and since by hypothesis lim & n (r 7 A. (r) exists, it follows from a well-known 
theorem due to Stolz 30 that lim S n (r+u /i>n Cr+1) also exists and has the same 
value, provided however that as n increases eventually does not oscillate 
but is such that lim iS„ (r) = =t= cb —a condition here fulfilled because by hypoth- 

nsaoo 

esis lim S n (r) /D n M exists, while from the definition of D„ M we have at once 
lim D n M = + 00 . 

2. A necessary condition that any series 

00 

»*s 0 

be summable by Ceshro’s method with a degree of indeterminacy r is that 

(55) lim (un/n r ) = 0. 31 

9% as OQ 

A noteworthy corollary of this result is as follows: 

3. Let 

(56) t,a n x» 

nm 0 

80 See Math. Annalen, Yol. 33 (1889), pp. 236-245. 

81 For a proof, see Beomwich, l. c,, § 127. 
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i/C/ 


be any power series having a radius of convergence equal to 1. Then the divergent 
series 

00 

Ct n XQ , 

n=0 

wherein xq represents any special value such that | or 0 1 > 1 cannot be summed by 
Cesaro’s method. Thus, in particular Cesaro’s formula cannot serve to prolong 
analytically the power series (56) outside its circle of convergence. 

In fact, placing u n = a n x o n we have 

hm — = Xq 

wsaoo X 

and hence 

- ltn - = *o + € n ; lim € n = 0 . 

—1 nssoo 

Whence 

= Uq(Xo + «l) (*0 + €j) ’ ‘ ' (*0 4" €»)• 

Now, having chosen an arbitrarily small positive quantity 17 , we have | e„ | < 77 
for all n > a determinate value »„ and hence 

|*o+«n|“|a:o| —M; n>n r 

Thus, as n increases indefinitely the expression u „ becomes infinite to as high 
an order as that of (| a:o | — kl)"- But for a sufficiently small choice of 77 we 
have |ar 0 1 — 1 77 1 > 1 , since by hypothesis |x 0 | > 1 . Thus (55) cannot be satis¬ 
fied for any value of r. 

In contrast to this result, we have the following important theorem arising 
when, instead of the definition (I) of sum, we adopt the definition (IV) of Borel. 
4. Let 

00 

/(*) m 5D ®n* n 

»33S0 

be any power series having a radius of convergence equal to 1. If, then, the series 

00 

2L,a n 

n»0 

is summable by definition (IV) (§ 36) so also is the series 

00 

£«n*0* 

»ss0 

provided xq lie within the polygon formed by tangents to the given circle at the points 
(assumed finite in number) upon the circumference at which f(x) has singularities. 
Moreover, fix) may be extended analytically to all such points xq by means of the 

sum formula in question, i. e., 


where 


J /*oo 

I e~ a u(ax 0 )da 
0 


u(ax o) = 


& n {OCX o) n 

3 *1 


The summability at xq will be absolute (§ 42) and it will be uniform (§ 43) 
throughout any region situated wholly within the indicated polygon (polygon of 
summability). 32 

5. Absolutely convergent series are absolutely summable, but series that are 
merely convergent may not be absolutely summable . 33 

6. If but one of two series is absolutely summable while both are summable by 
definition (IV) (BoreVs integral) to the respective limits Si, Hi then the product 
series (cf. (37)) is summable by the same definition to the value Si, s%, but not neces¬ 
sarily absolutely summable. u 

7 . If two series are summable by definition (IV) (BoreVs integral) to the values 
si, S 2 respectively, then the product series (cf. (37)) whenever summable necessarily 
has the sum s^. 35 

8. If the coefficients u\, u%, u%, ••• of the divergent series (11) are such that 
the expressions 

Eq = uq, Ex = uq + Ui, 

E% = + 2^i + u% 9 

/t07\ Ez = Uq 4" 3^1 + 3 U% + Ui, 


E n — UQ+ nui + 


n(n — 1) 

~"2i~ 


+ • • * + WUn~l + Un 


all vanish after a certain point: n = m, then the series may be summed by definition 
(IV) (BoreVs integral) and the sum will be 


s 


Eo , £i , h . , ^ 

2 2 2 ^ 2 8 h 2 m+1 


e-, the sum will be given by summing the series by Euler’s well-known 
method for converting a slowly convergent series into a more rapidly converging 
one . 86 

82 Proof of the various statements here made is readily supplied from the remarks of Brom¬ 
wich, l. c., § 113. 

88 Cf. Hardy, Quarterly Joum. of Math., Vol. 35 (1904), pp. 25, 28. 

84 Cf. Hardy, l c., pp. 43-44. 

85 Cf. Hardy, l. c., pp. 44r45 

86 Cf. Bromwich, l. c., § 24. 



This result evidently becomes of especial significance for all series (11) of 
the form 

«o — + «2 — «3 + • • •; dm ‘positive 

for which the successive differences between the quantities a Q , a u a 2 , • • • all 
eventually vanish — e. g., the series 


1 — 2 + 3 — 4+5 — • • •, 
wherein the quantities Eq, Ex, E%, etc., become 

E 0 =1, E t = - 1, E 2 = E z = • • • = E n = 0, 
and hence ,?=.} — J = 

The proof of statement (8) may be readily supplied when we make use of 
the Lemma of § 37. Thus, in the notation there employed, let us take in the 
present instance 

En ( „ _ M" 


_ Eo.Ex.Jk, 

$ n ^ *T" 2»i • " 2?"* 


+ 


2 n+1; 


On 


Then 


n 1 


; r Eq E\ 

l **» Inn s n = -z- + + 

msa@0 & & 


4~ 


Em 


Qm+l 


and condition (A) of the lemma is at once seen to be satisfied (cf. (16)). 
Application of the lemma thus gives 


l = lim <~‘ ip ** , s n = lim e~ la s(2a) — lim e~“s(a), 

n mQ 7 v i ctssoo 


pmm 


where »(«) is defined by (13). Moreover, this result may be written (cf. (25)) 
in the form 


/*« 

/ *= Uo + I e~ a u'(ot)dot, 
Jo 


where «(a) is defined by (14). If the integral here appearing be integrated by 
parts (cf. (41)) we thus obtain 

J fao 

I er a u(oi)da. 

o 


In order to finish the proof it remains but to show that the first term here 
appearing in the second member is equal to zero. 

Upon noting the meanings of E 0 , E%, E% y • • •, as given in (57), we obtain 


c? 


a 2 


a m 


e*u(a) * + v>yot 4~ ^ 2 ]+ • * *) = Eo + E%a + ^ 2 ]+ * * • 4~ -E m —j 

and hence 

lim » lim ar** | jEo 4~ E%a 4 - * - • + E m 1 = 0. 




CHAPTER V 


THE SUMMABILITY AND CONVERGENCE OF FOURIER SERIES AND ALLIED 

DEVELOPMENTS 

45. In the present chapter it is proposed to derive the principal known 
results concerning the summability of Fourier series and other allied develop¬ 
ments for functions of one real variable (developments in terms of Bessel func¬ 
tions, Legendre functions, etc.). 1 We shall take the word “ sum ” in the II older 
sense 2 (§ 36) according to which a given series (convergent or divergent) 

(1) ]C«n 

»=s0 

has its sum s defined by the equation 

(2) s — lim $ n (r) ; r = fixed integer i£ 0, 

n=oo 

where 

$ n (°) S3 + Ui + • * ‘ + Un, 

s» (1) = ^Ti (*° (0) + *i C0) + • • • + s» w ), 

Sn (r) = --A- _|_-1_ 

Moreover, if the terms Un are functions of the (real) variable x (as will now 
always be the case) when considered throughout an interval (a, b), the series (1) 
will be termed uniformly summable throughout (a, b ) in accordance with the defi¬ 
nition II of § 43 — i. e., provided that the limit (2) is approached uniformly for 
the same values of x. 

In view of the fact that any discussion of the summability of Fourier series 
and other allied developments is intimately connected with the corresponding 
discussion of convergence, the latter being in fact but the case of summability 
in which r = 0 (cf. (2)), we shall as a matter of course elaborate both aspects 
of the subject. 8 No attempts will be made however to obtain theorems con¬ 
taining the minimum restrictions for a given function /( x) in order that it be 

1 See explanatory remarks in the Preface. 

1 The results obtained will therefore (§ 38) be convertible at any point into those for summa¬ 
bility in the CesIro sense. 

* Since all convergent series are summable but not conversely it is evident that more reetrie- 
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developable in a summable (or convergent) series of any one type. The emphasis 
will be placed rather upon the attainment of a general theory of such a nature 
that the various more important special developments, including Fourier series, 
and the familiar developments in terms of Bessel functions and Legendre 
functions, may be studied as special applications of it, provided f(x) satisfy any 
one of various slightly limiting conditions. 4 This general theory is elaborated 
in §§ 46-50 following which the applications just mentioned have been carried 
through (§§ 57-70). 

The basis of the entire chapter is Dini’s great work entitled “ Serie di Fourier 
e altre rappresentazioni analitiche delle funzioni di una variabile reale ” (Pisa, 
1880) and due acknowledgment is here made to this source. 


I 

Fourier Series 

46. If f(x) be a given function of the real variable x defined throughout the 
interval (— rr, tt) the corresponding Fourier series is by definition 


(3) 

where 


\a<j + (o» cos nx + sin nx ), 



cos nxdx, 


bn 



sin nxdx. 


As regards the convergence and summability of this series, the following 
theorems arc well known: 

Theorem I. If f(x) remains finite throughout the interval (— ir, t) with the 
possible exception of a finite number of points and is such that the integral 

(4) f ]/(*) I 

rr 


exists, then the Fanner series (3) will converge at any point x (— rr < x < w) in 
the arbitrarily small neighborhood of which f(x) has limited total fluctuation, and 

the sum mil be 

i [/(£ *“* 0) +/(« + 0)]. 

Moreover, the convergence will be uniform to the limit f(x) throughout any in¬ 
terval (a', b f ) inclosed within a second interval (a%, bi) such that 

— t < ai < a' < ¥ < h < rr 

4 As regards convergence, including uniform convergence, general theorems of the nature 
here indicated together with applications have been given by Hobson in a series of memoirs 
appearing in the Transactions of the London Math. Society (Vol. 6 (1908), pp. 349-395; VoL 7, 
pp. 24-48; ibid., pp. 338-388). Corresponding general studies for summability do not appear 
to have been thus far carried through, though numerous results have been obtained by special 
methods. For further remarks, see notes appended to the theorems of §§67 and 68. 
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provided that fix) is continuous throughout ( a', b') inclusive of the end points x = a', 
x = b' and has limited total fluctuation throughout («i, &i). 6 

Theorem II. If fix) remains finite throughout the interval (— x, x) with the 
possible exception of a finite number of points and is such that the integral (4) exists, 
then the Fourier series (3) will be summable (r = 1) at any point x (— x < a; < x) 
at which the limits fix — 0), fix + 0) exist, and the sum will be 

i [fix ~0)+fix+0)]. 

Moreover, the summability will be uniform to the limit fix) throughout any 
interval (a', b') such that — x < a' < b' < x provided that fix) is continuous 
throughout (a', b') inclusive of the end points. 6 

Theorem III. If fix) when considered throughout the interval (— x, x) satis¬ 
fies the conditions mentioned in Theorem I and is such that in arbitrarily small 
neighborhoods at the right of the point x — — x and at the left of the point x = x 
it has limited total fluctuation, then the Fourier series (3) will converge when x = — x 
or x = x and in either case the sum will be 

i [/(x — 0) + /(— x + 0)]. 

Theorem IV. If fix) when considered throughout the interval (— x, x) satis¬ 
fies the conditions mentioned in Theorem I and is such that the limits /(x — 0), 
/(— x + 0) exist, then the Fourier series (3) will be summable when x = x or 
x = — x and in either case the sum will be 


it/&r-0)+/(-x + 0)]. 


It is our purpose here (having in mind the essential steps incident to the 
formation of a general theory for the study of this and other allied develop¬ 
ments) to show in the first place that the proof of Theorem I may be made to 
depend upon the existence of the three following relations which themselves are 
independent of the function fix) and concern only the trigonometric expression 


. 2n+l 
sm—r t 


(5) 


<p(n, t) = 


2x sin v; 


n being limited to positive integral values. 

(I) The integral 

J * <pin, t)dt 


8 a. Hobson, “Theory of Functions,” §§ 448, 461, 467, 469. Also, Chapman, Quarterly 
Joum. of Math., Vol. 43 (1911), p. 33. 

• Cf. Hobson, l. c., § 469. 



when considered for values of t in the interval — 2 ir+e^f^ — e, e being an 
arbitrarily small positive constant, converges uniformly to the limit — | when 
n = oo; while the same integral when considered for values of t in the interval 
e S t £ 2% — € converges uniformly to the limit when n = °o , 7 

(II) For a sufficiently small choice of the positive quantity e we have 


f 

•A) 


<p(n, <)d< 


< A; 


— e 


where A is a constant independent of both n and t . 8 

(III) For a sufficiently small choice of the positive quantity e we have 

| cp(n, t) | < B ; — 2t + e t SI — e, e — t = 2x — e, 

where B is a constant independent of both n and t. 

In order to prove that Theorem I depends, as stated above, upon the existence 
of these three relations, let us suppose at first that x has some special value x = a 
such that — t < a' 3! a 2£ b' < ir, the quantities a', b' being regarded as fixed. 
With this value of a the (n + l)st term of the series (3) takes the form 


\ C n • 1 /**■ 

I /(jO(cos nx cos not + sin nx sin na)dx = - I f(x) cos nix — oc)dx, 

T 7T J_, 

so that the sum of the first (n + 1) terms becomes 


#„(«) 



l + X) cos n(x — a) 


dx. 


Upon making use of the well-known relation 


4 + 22 


sin ■ 


2?i + 1 


cos nx 


2 sin- 


we thus have 

(0) s„(a) = J' f(x)<p(n, x — a)dx, 

where <p(n, x — a) is to be determined by (5). 

Whence also, having chosen an arbitrarily small positive quantity e, we may 
write 

,„(a) “ | f{x)<p(n, x — a)dx + J f(x)<p(n, x a)dx 

£ /»«+€ 

f(x)tp(n, x - a)dx + J f(x)<p(n, x - a)dx, 


( 7 ) 


7 For a proof of this statement, see Appendix, § 1. 

8 For a proof, see Appendix, § 2. 
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We may now show that the conditions placed upon/(x) for the whole (closed) 
interval (— t, t) (cf. Theorem I) when taken in conjunction with relations (I) 
and (III) suffice to make the limit approached by each of the first two integrals 
of (7) equal to zero when n = <*>. In fact, we shall show that this limit is 
approached uniformly by each of these two integrals when they are considered 
for values of a for which a' ^ a ^ b\ 

Considering, then, the first integral in the second member of (7), let us repre¬ 
sent by xi, x 2i Xz, • • •, x q (x s > x 8 -i) the points (q in number) at which f(x) 
becomes infinite in the (closed) interval (— 7r, t), assuming at first for simplicity 
that Xi =f= — t, x q =|= 7r. Having chosen an arbitrarily small positive quantity 
a?, let us also suppose at first that the value x = a — e lies within one of the 
following intervals: 

(8) (— 7T, £Ci — Co), (x 1 + CO, X 2 — w), •••, (x Q + 0), — 7f), 

i, e ., let us assume that x = a — € is not one of the points at which/(x) becomes 
infinite. We may then express the integral in question in the form 

(9) J f(p)<p(n, x — a)dx = 8 + it, 
where 


a K l-« r*x g -(o /»«-« \ 

+ I +•••+/ + I ) i(x)<p{n, x — a)dx, (g 

and 

O r» x l+w /»x 2 -j-o> \ 

+ 1 + • • • + I ) f(x)<p(n, x — a)dx. 

*l-<» */*„-«, / 

Now, introducing relation (III), we have 


5) 




and since the integral (4) is assumed to exist it thus follows that for a sufficiently 
small choice of co we shall have \R\< Bgp < Bqp where p is a preassigned 
arbitrarily small positive constant. 

. The value of p having been assigned and co then determined in the manner 
just indicated, we turn to the expression 8. In considering this it is first desirable 
to make the following observation. 


Consider the set of intervals (8). Let us divide the first of these into p equal 
sub-intervals of length S h the second into the same number p of equal sub- 

m . , en 7® I 2 ’ ■' ■; the ( q + O 8 * int0 the same number p of equal sub-intervals 
o length S q+1 . Let 2>i,. be the fluctuation of/(*) in the sth one of the intervals 

n u l 6 fluctuation of /(*) m the *th one of the intervals let 

ot m in the ^ intc "‘ is *«• 


rEOOF OF THEOREMS 


1U7 


( 10 ) 81 Di t i, 82 Dz t », •••, T~! Da +1 »• 

*~~i *=1 , = i 

Since /(*) is integrable over each of the intervals ( 8 ), it follows that we can make 
our choice of the integer p so large that each of the sums ( 10 ) will be less in 
absolute value than the preassigned quantity p already mentioned. At the 
same time, p may be chosen so large that each of the integrals 

( 11 ) f |/(*) |da:; s = 1 , 2, 3, •••,?-(" 1, 


where the integration is performed over any one of the intervals 8„ will likewise 
be less than p. In what follows the quantity p will be understood to be any 
special one determined according to the two conditions just indicated. 

Returning to the expression 8, let us now consider the first of the integrals 
of which it is constituted, ('ailing x = £_ 1} x — f„ the values of x corresponding 
to the end points of the ath one of the intervals § 1 , we have 



/ • <pdx; 


/“/(*) 

<p = <p(n, x — a). 


Now, introducing the constant B defined in (III), we may write 


('(■ rf- rt. 

/•*&-) f-(v+B)<h-B fdx 


and the ftmetion <p + B will be positive for all values of x such that £_i < a: < {, 
(n having any value which it may take). Hence, upon applying the first law of 
the mean for integrals, we have 


pt. rt> rt> 

I f ■ <pdx = /, I <pdx + Bf, I dx — Bf,' | dx, 

l 


wliere /, aiul // are certain values lying between the upper and lower limits of 
fix) when £„_i <*<£„. 

Since — £,_i = 81 we thus have 

f f • ¥>dx = /« r <pdx + 6,B8iDi t „ 

•^ 1*1 


where 6, is a quantity lying between — 1 and + 1 and where Z>i,. has the meaning 
already indicated. 

Hence, recalling what has been said of the sums (10), we may write 


( 12 ) 


X r i—» jp /“*£» 

/ • ipdx => 2^/« I <pdx + BBp; — 1 < 6 < 1. 


and corresponding to a second arbitrarily small positive quantity <r we may, 
by virtue of relation (I), find a quantity n a independent of a such that 

n > n a) 

- 1 < 0 ! < 1 , - 1 < 02 < 1 , 

a' < a < V. 


[n>n <r , 

\a' < a < b', 

and hence also (cf. (12)) we have for the value of a under consideration 



(13) 


J J 


f • <pdx 


< 2Mpcr + Bp; n > n„ 


where M represents the upper limit of |/(a:) | in the intervals (8). 

Similarly, all the g + 1 constituent integrals of S, except the last, may be thus 
treated, thereby leading to the equation 


(14) S = P + r*f ■ cpdx, 

where for all values of n greater than some value independent of a we have 

| P | < 2 gMpcr + gBp Si 2qMpcr + qBp. 

Let us consider finally the integral appearing in (14). For this we first note 
that the interval of integration consists of a portion (or at most the whole) of 
the interval (x„ + «, Xg + x — co) belonging to the set (8). Let us suppose that 
Vr < oc — e Si i7r+i where rj r and are the values of x corresponding to the 
extremities of the rth of the p divisions of length 5^ into which we have already 
divided the interval (x 0 -f co, Xg+i — w). We may then write 

I / • <pdx = I / • <pdx +1 / • <pdx. 

"Xg+w Jmg+ta Jy T 

The last integral .here appearing is less in absolute value (cf. relations (III) 
and (II)) than 

/»a~« 

(15) Bf \f(x)\dx < B \ \f(x)\dx<Bp 
where p has the meaning already given. 





lUl/ 


Again, let there be l (l Si p) of the divisions 5„ in the interval (a;„ + to, »?r). 
Then, treating the first integral in the second member of (15) as we did the first 
integral in S, we obtain (cf. (13)) 


£ 1r 

/ • cpdx < + Up “ 2Mpcr + Bp; n ~> n„ 

.+w 


where n„ is independent of a. 

In summary, then, we have the following result: Let x h x 2 ,x 3 , ■•■,x„ ■ ■ •, 

(x„ > x,-i); (xi 4= — 7r, x Q 4 7r) represent the q points within the interval 
(— ir, ir) at which f(x) becomes infinite, and let a be any value such that a — e 
(cf. (7)) lies within one of the intervals 


(— 7T, Xl — Co), (Xi + CO, x% — co), •••, (x s +w, 7r); 

co arbitrarily small and positive 

and also such that — ir < «' si a Si b' < ir. Then, corresponding to an arbi¬ 
trarily small positive quantity p and a second such quantity cr, we may determine 
a positive value n, independent of a and such that 


f. 


f(x)tp(rtj x — a)ate 


< 2pM(? + l)<r + 5(? + l)p; 


n > n<r- 


Since /#, c/, il/ and p as well as n„ are each independent of a, it follows that for 
all the indicated values of a the first integral in the second member of (7) converges 
uniformly to zero when n = °o. 

It remains to show that the same is true when a — e pertains to one of the 
intervals of the following set: 

(xi — + to), (xs — co, a* 4- to), • • •, (Xg — to, a:+ to); 

co arb. small and positive. 


The desired result follows by reasoning directly analogous to the preceding 
after rewriting (9) in which S and R are, however, defined as follows: 


4-1 +-HI ) f(x)<p(n, x — a)dx, ( g ^ q ), 

0 /»«—« \ 

I | + ••• + I 4“ I & ot)dx. 


Again, the same conclusion may be likewise reached in case either or both 
of the points ar — — a: «= rr are points at which f(x) becomes infinite. The 
forms in which S and R should then be taken readily suggest themselves and are 
therefore suppressed. 


In like manner it appears that the second integral in the second member of 
(7) converges uniformly to zero when n = « for all values of a such that 

— ir < a' = a = b' < ir. 

These results having been established, we turn to a consideration of the last 
two integrals in the second member of (7). We shall suppose at first that <x 
has any special value such that — r < a' S a ^ b' < t. 

Since by hypothesis/(a:) is of limited total fluctuation in the neighborhood of 
the point x = a, the expressions f(a - 0), f(a + 0) certainly have a meaning. 8 
We may therefore write the third integral in the second member of (7) in the form 

(16) f(a - 0) J <p(n, t)dt + J [/(« + <)- /(a - 0)]<p(», t)dt. 

When n = oo the first term here appearing approaches the limit ]/(« — 0) 
as a result of relation (I). As to the second term, it follows from our hypotheses 
upon f(x) in the neighborhood of the point x = a that the function /(« + t ) 
— f(a — 0) is of limited total fluctuation in the interval — «<<<(), at least 
if e be chosen sufficiently small. Whence, in this interval the same function 
will be either monotone or will consist of the difference of two monotone func¬ 
tions. 10 In the former case we may apply the second law of the mean for integrals 
and write 

(17) J [f(a + t)~ f(a - 0)Mn, t)dt = [f(a - «) + /(« - 0)] j <p(n , t)dl; 

6<«i< «• 

At the same time our choice of « may be made so small that the expression 
|/(a — «) — /(a — 0)| will be less than any preassigned quantity cr. With < 
thus chosen, we have now but to make use of relation (II) to see that the 
second term of (16) may be made less in absolute value than Acr, whatever the 
value of n. In case f(a + t) — f(a — 0) consists of the difference of two mono¬ 
tone functions, the proof may evidently be carried out in a similar manner, 
showing that in this case the absolute value in question will be less than 2 A<r. 

Therefore, the limit of the sum of the first and third terms in the second 
member of (7) as n = °o is §/(<* — 0). Similarly, the limit approached by the 
sum of the second and last terms is %f(a + 0). 

The first part of Theorem I is thus fully established. It remains to consider 
only that part which concerns uniform convergence, and since we have already 
shown that for all values of a such that — t < a' sg a b' < v the first and 
second terms in the second member of (7) converge uniformly to zero, it will 

3 Cf. Hobson, l . c., § 194. 

10 Cf. Hobson, l . c., § 195. 


now suffice to show that under the hypotheses of the last part of the Theorem 
the last two terms of (7) when considered for the same values of a. each converge 
uniformly to the limit If (a). 

Now, if f(x) be continuous (as the present hypotheses demand) throughout 
the interval («', //) (x - a', x = b' included) then/(a:) will be uniformly continu¬ 
ous throughout this interval. 11 Hence, corresponding to an arbitrary choice of 
“Of. IIoiihon, l. c., § 175. 

the positive quantity cr, it is possible to determine a positive e independent of a 
and such that 

(18) |/(« - e) - /(a) j < cr; a' < a < b'. 

Introducing this choice of e into (16), we may again write (17) for all the 
indicated values of a («' "' a 21 b’) since, from the hypotheses of the second 
part of the Theorem, it follows as before that the function f(a + 1) — f(a) is 
either monotone or consists of the difference of two monotone functions of t 
throughout the interval — e < t < 0 whatever the value of a (a' 2 a = b') — 
at least if e be taken so small that a' — e > a u where ai has the meaning given 
in the Theorem. 

Thus, we reach the desired result respecting the third term in the second 
member of (7) and similarly, we reach the indicated result for its last term. 

47. We turn to the proof of Theorem II. It is our purpose here to show that 
relations (I) and (III) of § 46 together with the following suffice for the proof: 
(II)' Having placed 

(19) <K«, 1) B 'l.E <p(n, t), 

where <p(n, t) is the trigonometric expression (5), we may write for a given value 
of the positive quantity e and all subsequently chosen sufficiently large values 
of n 

j" |<3?(n, t)\dt < C; 

where C is a constant (independent of both n and «). 

In proving Theorem II we shall therefore substitute relation (II)' for relation 
(II) of § 46, but we shall employ relations (I) and (III) as before. 

Assuming first that a has any special value such that ir < a' — a S b' < w, 
we have from (7) 

) , [*«(«) + »i(«) +-h *»(«)] = f /(*)*(«» * ~ 

n T* 1 •'-tr 

( 20 ) r+ . 

+ I /(x)*(», x-a)dx+ I m$(n, x — a)dx + I /(*)*(«, a: - a)da, 
where $ is given by (19). 


p IMMOBILITY OF ruujtu.utt x*.^**-^ 


Now, the fact that <p satisfies (I) and (III) enables us to say at once that 3> 
also satisfies the same relations. In fact, if <p satisfies (I) the principle of con¬ 
sistency (§ 37) as applied to the Holder method of summation shows that 4> 
also satisfies it, while (III) becomes satisfied by $ since we may write 

|$(a, t)\^[\<p{n, t)\+\<p(n- 1, f) | +-h | *>(0> 01] < n “ B ‘ 

The second member of (20) is the same as that of (7) except for the substi¬ 
tution of $ for tp, and since $ satisfies relations (I) and (III) it follows precisely 
as in the discussion in § 46 that the first two integrals on the right in (20), when 
considered for values of a such that - ir < a' z* a -. i b' < tt, converge uni¬ 
formly to zero as n = °°, provided merely that the integral (4) exists. The 
third term of (20) may be written in the form 

f(a — 0) J $(n, t)dt + J [f(a + f) — f(a — 0)]4>(n, t)dt, 

provided that f(a - 0) exists. When n~ °o the first term here appearing 
approaches the limit $f(a — 0) since, as already pointed out., 4>(n, <) satisfies (1). 
As to the second term, we may choose e so small that throughout the* interval 
— « < t < 0 we shall have |/(a + t) — f(a — 0) | < <r where <r is an arbitrarily 
small preassigned positive quantity. With e thus chosen and n then taken 
sufficiently large the term in question becomes less in absolute value than 

(21) <r f |$(», t)\dt < CV, 

Jo « 

where C is the constant defined in connection with relation (II)'. Thus, the 
sum of the first and third terms of (20) approaches the limit $/(« — 0) when »■«o. 
Likewise, the sum of the second and last terms of (20) is seen to approach the 
limit f/(a + 0). 

The first part of Theorem II thus becomes established, and in order to prove 
the second part it suffices to note (cf. the discussion of (16)) that if f(x) is con¬ 
tinuous throughout the interval (a', b r ) inclusive of the end points, then the 
quantity «in (20) may be chosen independently of a (a' < a < b'). 

48. Having shown that Theorem I results from relations (I), (II) and (III) 
and that Theorem II results from (I), (II)' and (III), we shall now show that 
Theorem III results from (I), (II) and (III) together with the following: 

(IV) <p(n, t dfc 2 t) = <p(n, t). 1S 

Let us take first the case in which x = r. The expression for * H (r) may he 
u The proof of (IV) is immediate from (5). 


obtained by placing a = x in ( 6 ). This expression, after placing x — x = t, 
becomes 


( 22 ) 


/Or + *)?>(«> i)dt = (1„ + X.) /(tt + <)#>(», ^)dt 


Of the two integrals here appearing in the last member, the first, after making 
the substitution t' = 2 x + t and dropping accents, takes the following form as a 
result of (IV) 

| /(— tt + t)ip(n, t)dt. 

Jo 

Whence, we may write 


(23) 


*nOr) = J f(ir 4 ~ t)dt + /(— x + t)<p(n, t)dt 


+ f /(■* + t)<p(n, t)dt 4 - f /(— x + t)cp(n, t)dt 

Jo 


(e>0). 


We may now show that as n = °o the limit approached by each of the first 
two integrals here appearing is 0 . In order to do this it will suffice, since the 
integral (4) exists, to show that the property just indicated is true of each of the 
integrals 

f/ 

J /(x + t)<p(n, f)dt, J /(— x + t)<p(n, t)dt, 


where it is understood that /(x 4 " f) remains finite throughout the (closed) 
interval (c, d) ; — x e < d £3 — e, while /(— x 4 ~ 0 remains finite through¬ 
out the (closed) interval (e, /); e Si e < / Si x. 

Let us divide the interval (e, d) into p equal sub-intervals each of length 8 
by means of the points t = c, t = fj, t — t%, • • •, t = tp_x, t=d. Then, with 
the meaning for B appearing in (III), we may write 


f /(a 4* t)ip(n, t)dt = ( f(a 4~ t)Wi n > 0 "h B]di — B f f(a 4" t)dt 

Ji, , Jt.-i 


and [ip(n, t) 4- B\ will be positive when <_ 1 < t < t, (n having any fixed value). 
Hence, applying the first law of the mean for integrals, we obtain 

f /(« 4- t)<p{n, t)dt = /, C <p(n, t)dt 4- Bf, f dt — Bf,' f dt, 

J ,,, J<»., J ‘>-\ •"-> 

where/, and /.' are certain quantities lying between the upper and lower limits 

of /(a 4- 0 when f_i < f < 

Since t, — <_i ■» 5, we thus have 


f /(a 4" f)^(n, f)dt “ /, j <®( TC > f)<& "h S,B8D,; 

dt. A 


1 < < 1 , 


where /), is the fluctuation of f(a 4" 0 in (f»-i> *»)• 
9 


Hence also 


(24) f f(a + t)<p(n, t)dt = J2f> f <p(n, t)dt + 6BS D s ; 


i < e < i. 


Now, by taking p sufficiently large the last term of (24) may be made arbi¬ 
trarily small in absolute value, as follows from the existence of (4). The value 
of p having once been chosen, let us allow n to increase indefinitely. The last 
term of (24) continues arbitrarily small in absolute value, while its first term 
approaches the limit zero, as appears directly upon writing 


Jo Jo 

and applying (I). 

Similarly, the second term in the second member of (23) is seen to have the 
property already indicated. 

As to the third integral in the second member of (23), let us write 


(25) 


X O /■*() 

/(x + t)dt = /(x — 0) J <p(n, t)dt 


+ f [/(« + t) — — ())]<£>('», t)dt, 


noting that /(x — 0) necessarily exists since, according to the hypotheses in 
Theorem III, the function/(a:) is of limited total fluctuation in the neighborhood 
at the left of the point x = x. Upon comparing (25) with (10) and noting the 
statements in § 46 connected with the latter, we see at once that as n <= oo the 
expression (25) approaches the limit - 0). Like wist;, as n ® oo the last 
term of (23) is seen to approach the limit |/(— x + 0). 

In case x = — x (instead of x — ir) we have the following equations corre¬ 
sponding to (22) and (23): 


»«(- x) = jf /(-tt-I- *)* = ( + jf )/(- T 4 . t)p(n, t)dt 

X V M) 

/(— x + t)p{n, t)dt + I /(x 4 * t)tp(n, t)dt 
J 


or 


tf»(- X ) = f /(x 4- t)<p(n, t)dt 4- r /(- X 4- t)<p(n, t)dt 
(26) J ~ T „ 

/*« 

+ J f(* + t)<p(n, t)dt 4- /(- x 4- t)<p(n, t)dt, 

and, upon considering the four integrals here appearing on the right as we con¬ 
sidered those in (23), we find 


Hm 9 n (- x) = 0 4- 0 4- if(x 4- 0) 4- §/(- x 4 - 0 ). 



Thus, the proof of Theorem. Ill becomes complete. 

49. Theorem IV likewise follows from (I), (II)', (III) and (IV) upon noting 
that the expressions 

n _|_ i t*o(± 7r) + 3i(± tt) + ••• + s„(± 71")] 

may be obtained by replacing <p(n, t) by 3>(n, t) in (23) and (26) and that, as a 
result of (IV), we have $(n, t ± 2tt) = 3>(», t). 

II 

TlIK II El’REHENTATION OF ARBITRARY FUNCTIONS BY MEANS OF DEFINITE 
Integrals. The Formation of a General Theory for the Study 

OF THE SUMMAItILITY AND CONVERGENCE OF FOURIER SERIES AND 

Other Allied Developments 

50. The manner in which the summability and convergence of Fourier series 
has been shown in §§ 47-49 to depend upon the properties of the integrals 

J <p(n, t)dt, f $(n, t)dt, 

where <p(n, t) and <P(n, t) are defined by (5) and (19) readily suggests the general 
problem of determining a set of sufficient conditions for any function (pin, t ) of 
the two real variables t, or more generally, for any function <p(n, a, t ) of the 
three real variables n, ot, t in order that the integral (cf. (6)) 

/*b 

/(« + t)(f>(n, a, t)dt or I f{x)<p{n, a, x — a)dx 
« -Ja 

shall eon verge when n = oo to the values § [/(a — 0) +/(a + 0)] or J [f(b — 0) 
+ /(« + 0)1 according as a < a < b or a = either a or b. Naturally, the range 
of possible existence for such functions <p will depend upon the conditions im¬ 
posed upon the given function fix) when considered throughout the interval 
(a, h), and in determining the form of such conditions we shall hereafter be 
guided by the limitations upon f(x) occurring in the Theorems of § 46. The 
general theorems about to be obtained will serve as a foundation for the dis¬ 
cussion in §§ 64-70 relative to the summability and convergence of the well- 
known developments in terms of Bessel functions, Legendre functions, etc. 

51 . Theorem I. Let <p(n, a, t) be a function of the real variables n, a, t which, 
when considered far mines of a lying within any sub-interval ( aV) of (a, b) (a < a' 
< b' < b) satisfies the following three relations in which n is restricted to 'positive 
integral values ami in which e represents a positive quantity which may be taken 
arbitrarily small : 

— J when a—— €) 

% when e Si t Si b — a. 


lim 

nmoo 


j ' <p(n, a, f)dt 


(I) 



Moreover, 
a and t. 13 

(II) 


let these limits be approached uniformly for all of the same values of 


J l (pin, a, t)dt 
o 


<A; 


e si t =3 e, 


where A represents a constant independent of n, a and t. 

(Ill) | (pin, ce,f)\< B ; a — a^t^ - e or e£t:1b — a, 

where B represents a constant independent of n, a and t. 

Also, let f(x) be any function satisfying the following two conditions: 
iA) When considered throughout the interval (a, b),fix) remains finite with the 
possible exception of a finite number of points and •is such that the integral 

f |/(z)|<& 

Ja 


iB) When considered in an arbitrarily small neighborhood about the ispecial) 
point x = a (a' < a < b') fix) has limited total fluctuation. 

Then we shall have for the ispecial) value of a mentioned in iB) 

(28) lim f fix)<pin, a, x — oc)dx = | [/(a — 0) + /(« + 0)]. 

ns CO (l 

Moreover, if iinstead of condition iB)) fix) is continuous throughout the interval 
(a 1 , V), the points x = a', x =■ b' included, and has limited total fluctuatim through¬ 
out an interval (a,, h) such that a < a, < a' < b' < h < b, then we skill have 
uniformly for all values of a in (a', b') 


(29) 


lim f fix)<pin, a,x. — a)dx — /(a). 

nsroo */<t 


13 Thus, to an arbitrarily small positive quantity <r it shall bo possible to determine a value n* 
independent of both a and t such that 

| <p(n } of, t)dt + | j < cr; n> n« 

provided a and t are assigned values consistently with the relations 

a' < <x < a — a i 2 — 

Likewise, 

j J o ‘ <p(n f «, t)dl - | j < <r; » > n«r 


provided of and t are assigned values consistently with the relations 

a' < of < V; - «• 

It may be added that in case on© confines the attention to the convergence of the Integral 
(27) for special values of ot (thus not considering questions of uniform convergence) it suffices 
that relation (I) shall be satisfied for each special value of ot («'<«< ¥)» Similarly, the con¬ 
stants A and B of (II) and (III) may then depend upon a. 



Proof. The proof of this theorem is readily supplied upon referring to the 
methods employed in § 40 for the study of the integral (6). We shall therefore 
merely indicate the essential steps. 

Iteprcsenting the integral (27) by «„(«), we first write (cf. (7)) 

/*a—« /%b 

s n (pi) = I f(*)<p(n, a,x — ot)dx + l f(x)<p(n, a, x — a)dx 

da d a + 9 

( a /»«+« 

f(x)<p(n, a, x — a)dx + I f(x)<p(n, a, x — a)dx. 

~ a—« Ua 

Of the four integrals here appearing, the first two approach the limit zero 
as n — oo and the convergence is uniform for all values of a such that a' < a < b', 
as results from (I), (III) and (A). Moreover, the third and fourth integrals 
(considered for any special value of a such that a' < a < b') approach respec¬ 
tively the limits If (a — 0), §/(« + 0), as results from (I), (II) and (B) (cf. (17), 
(18)); 

Likewise, upon comparison with the corresponding studies in § 46, it appears 
that equation (2!)) will hold true uniformly under the conditions stated in the 
theorem. 

52. Tiikokkm II. Let <p(n, a, t) be a function of the real variables n, a, t 
which, when considered for values of a such that a < a' < a < b' < b, satisfies 
relations (I) and (III) of § 51 and -is such that if we. place 

(30) $(«, «, 0 "= w _J_ i lv>(«. «. t) + <p(n — 1, a, t) +-h <p{ 0, a, t)] 

the following relation is satisfied: corresponding to a given e > 0 we shall have for all 
subsequently chosen sufficiently large values of n 

(II)' £* |$(n, a, t)\dt<C 

where O represents a constant independent of n, a and e. 

Ako f let f(x) he any function which satisfies condition (A) of § 51 together with 
the following : 

(BY When comidefed in the neighborhood of the (special) point x = a («' < a 
< 60, the limits f(a — 0)»/(« + 0) exist 

Then we shall ham for the (special) value of a mentioned in (By 

(31) lim f f(x)$(n, a, x — a)dx » f [/(a — 0) +/(<* + 0)]. 

da 

Moreover, if (instead of condition (B)') f(x) is continuous throughout the interval 
(a', b') , the points x = a', x = 6' included, we shall have uniformly for all of the 
same values of a 

lim I f(x)$(n, a, x — cc)dx = f(a). 

»?3,®e da 


The proof of this theorem, like that just indicated for Theorem I, is at once 
supplied upon following the steps indicated in § 46 with reference to the special 
integral (6) there occurring. We therefore omit it. 

53. As a generalization of the Theorem III of § 46 we have the following 
Theorem III. Let <p(n, a, t) be a function of the real -variables n, a, t which, 
when considered for the special values a = a, a — b (b > a) satisfies the following 
four relations in which n is restricted to positive integral values and in which t repre¬ 
sents a positive quantity which may be taken arbitrarily small: 


(Dm 


lim I <p{n, a, t)dt = — § 

M=00 J 0 

lim I <p(n, b, t)dt = f 

n—oo Jo 


when 

when 


a — b + € '. t * — e, 
S t 31 b]— a — e. 


(II) a, b Relation (II) of §55 is satisfied when a = a and t lies in the interval 
0 = f also when a = b and t lies in the interval — e * t r (). 

, TTT . 11 (pin, a,t) | < B when a — b + e t - ' — t, 

{ )a ’ b 1 j (pin, b, t) | < B when e 2 t 2 b - a - t, 

where B is a constant independent of both n and t. 

(IV) <pin, a,t + b — a) = <pin, h, t + b — a) ** (pin, a, t) = (pin, b, t ). 

Also, let fix) be any function which satisfies condition {A) of § 51 and is such 
that in arbitrarily small neighborhoods to the right of the point x ™ « awl to the left 
of the point x = b it has limited total fluctuation. 

Then we shall have 


r*b 

lim I f{x)(p{n, a,x- a)dx = lim I /(.rWn, b, x - b)dx 

w—oo*/a Jtt 

m « [fib “ 0) -f-/(« 4* 0)|. 

Proof.— Here again the proof may be easily supplied upon reference to the 
analysis occurring in § 48. Thus, for the case in which a - b we may write 

* n( ® = x_» ^ +t)tp( - n> b> ^" (xi + x» + . + r .) /(i+b ' t)dt ' 

which, upon making the transformation V - b - a + t in the first integral of the 
last member and making use of (IV) becomes 

s n(b) = X 6 “t" t)(pin, b, t)dt 4- J> + t)(pin, b, t)dt 


Of the three integrals here appearing, the first approaches the limit zero when 
n=s oo, as results from (I)„, j„ (III) 0 , & and (A) while the second and third approach 
respectively the limits |/(6 - 0) and -|/(a + 0), as results from (I) a ,&, (II) a ,& 
smd the assumption regarding the behavior of f(x) in neighborhoods arbitrarily 
aear to the points x = a and x = b. 

Similarly, in ease a ~ a we may write 


/*&“*■ 1(1 / /* b — a —/» 6 —a \ 

»„(«) = I /(a + t)<p(n, a, t)dt - ( I + | + I )f(a + t)<p(n, a, t)dt 

•'0 \«/{) e a—«y 

= ^ /(ft + *)v(n» ft, t)dt + f /(& -H)<p(n,&, f)<ft 


+ 



/(a + t)^(w, ft, 


from which we deduce the indicated result as before. 

54. Again, we have (of. the remarks in § 49 on Theorem IV) the following 
Tiikokkm IV. Ld tp(n, a, t) be a function of the real variables n, a, t which, 
when considered for the special values a = a and a = b satisfies relations (I 
(III),,,;, and (IV) of § 54 and also the following: 

The integrals 





t) | dt, I |$(n, 1, t)\dt 


(6 > 0 ), 


when considered for all value* of n sufficiently large remain less that a constant 

(imkpmukmt of «). 

Also, ldf(x) he any function which satisfies condition (A) of § 51 and is such 
that the limits f (a +• {)),/(& — 0) exist. 

Then urn shall ham 




r* 


lim I /0)#(/i, a, x — a)dx ®» lim I f(x)$(n, b,x — b)dx 

mmm */m »sa» m 

= ilf(b 


0)+/(ft+0)]. 


55. Besides the relations given in Theorems III and IV concerning the func¬ 
tions <p(n, a, t) and <p(n, b, t) (which relations are satisfied in particular by the 
function (5) jK'rtaming to Fourier series, with a — — w or a = ir) it is important 
to note certain others which we shall find fulfilled by some of the functions 
<p(n, a, t) met with in the succeeding pages but which are not fulfilled by (5). 
These relations together with their effects upon the limiting values of the integrals 


r< 


/* 


f(x)<p(n, a, x — a)dx, I f(x)$(n, a, x — a)dx 

va 

we now summarize in the following four theorems: 


Theorem V. Let <p(n, a, t ) be a function of the real variables n, or, t which, 
when considered for the special value a — a satisfies the following three relations 
in which n is restricted to positive integral values and in which « represents a positive 
quantity which may be taken arbitrarily small: 

(I) a lira f <p(n, a, t)dt = Q\‘, t £ t ££ b — a (b > <z), 

n=oo Jq 

G\ being a constant (independent of t). 

(II) a Relation (II) of § 51 is satisfied when or = a and 0 *1 1 «. 

(III) a \<p(n, a, t)\< B; t At Tib-a, 

B being a constant independent of n and t. 

Also, let f(x) be any function which satisfies condition (A) of § 51 and is such 
that it has limited total fluctuation in an arbitrarily small neighborhood at the right 
of the point x = a. 

Then we shall have 

lim | f(x)tp{n, a, x — a)dx =* Gif (a + 0). 

Mss oo Ja 

Theorem VI. Let <p(n, a, t) be a function of the real variable# n, a t i which % 
when considered for the special value a = h satisfies the following three relation# in 
which n is restricted to positive integral values and in which € represents a pmitim 
quantity which may be taken arbitrarily small: 

(I ) b lim f <p(n } b, t)dt = — G%; a — b m t m € (b > a), 

n=oo Jo 

(?2 being a constant (independent of t). 

(II) 6 Relation (II) of § 51 is satisfied when a b and 

(HI)6 | <p(n, b,t)\< B; a — b * t ’ , ~ e, 

B being a constant independent of both n and t. 

Also, letf(x) be any function which satisfies condition (A) of § 51 and is such 

that it has limited total fluctuation in an arbitrarily small neighborhood at the left 
of the point x = b. 

Then we shall have 

lim f f(x)<p(n, b,x- b)dx « G t f(b - 0). 

w=oo Ja 

Theorem VII. Let <p(n, a, t) be a function satisfying relations (I)„ and (III) 4 
of Theorem V but, instead of (II) 0 , the following: 

(II) a Relation (II)' of § 54 is satisfied when a *=* a, it being mulerstood that 
the integration there appearing is then taken from 0 to e instead of from - t tot. 


Also, let fix) be any function which satisfies condition (A) of § 51 and is such 
that the limit f(a + 0) exists . 

Then we shall have 


f a, x - a)dx = G x f(a + 0), 

a 


where <E> is defined by (30). 


Theorem VIII. Let (pin, a, t) be a function satisfying relations (I)* and 
(III) h of Theorem VI but, instead of (II) 6 , the following-. 

(II)b Relation (II )' of § 52 is satisfied when a = b, it being understood that the 
integration there appearing is then taken from — e to 0 instead of from — e to e. 

Also, let f{x) be any function which satisfies condition (A) of § 51 and is such 
that the limit f(b — 0) exists. 

Then we shall have 


lim f /(*)$(», b, x — b)dx = G 2 f(b — 0), 

n«eo t Jet 


where $ is defined by ( 30 ). 

The first of the Theorems V, VI results directly upon writing 


X fc—« / /»* /»&— a \ 

f(a + t)<p(n, a, t)dt = ( J o + J Jf(a+ t)p(n, a, t)dt; 


e > 0 


and then applying to each of the last two integrals the methods already used 
in § 48 for the study of similar integrals. 

Theorem VI likewise results upon writing 


(32) s n (b) = f f(b + t)(p{n, b, t)dt = ( f°+ f ‘ )f(b + t)<p(n, b, 

*/« -ft \ *Ja—b J 


The proofs of Theorems VII and VIII being likewise readily supplied, are 
suppressed. 

5G. We proceed to make certain observations which will prove useful in 
applying the general theorems of §§ 51-55 to special integrals (27). 

(1) If in applying Theorem I of § 51 it is found that for some special value 
of t different from zero, f = + 0 say, the function <p(n, a, t) becomes infinite 

or otherwise is of such a character that uncertainty arises concerning any one 
of the relations (I), (II), (III) when t = h, then the theorem will still hold good 
provided that it can be shown that the integral 


My + g 

I e = |/(« + t)<p{n, a, t) \dt, 


where £ is arbitrarily small and > 0, approaches (ra = °°) uniformly the limit 
zero for a < a' 3 a 3 b' < b, or else is such that for the same values of a and 




u iVllVXiXXJJLJUJL X A A VUlVi-rni 


for all (positive integral) values of n the same integral approaches uniformly 
the limit zero as £ = 0 . 

An examination of the method used in proving Theorem I shows at onee the 
correctness of this remark. More generally, in ease of uncertainty of any kind 
in the behavior of f(a + a, t) for the value t = h + 0 (#—■<*</1 < b — a) , 
it suffices for the existence of (28) and (29) that relations (I), (11), (111), (A) 
and ( B ) (or in (29) the substitute for (B) there mentioned) shall he satisfied 
throughout the two intervals (a — <x^\t r/i h — £), Oh + £ ~ £ ~ b — a) 
(£ arbitrarily small and positive) instead of throughout the whole interval (a — a, 
b — a), provided merely that the expression J| above defined has either of the 
properties just mentioned. 

If the exceptional point is ti=* a ~~ a then, instead of tin* two intervals, we 
have to consider the single one (a — a + £ * ^ t m ' h — a) f while instead of /| 
as defined above, we shall have to consider the integral 

/f Ca) = f \f(a + t)<p(n, «, t ) | dt. 


A corresponding statement may at once be supplied for the ease in which the 
exceptional point is ti = b — a. 

In the case of two or more of the exceptional points h (a — or ' t\ ~ h — a) 
the corresponding statements are readily supplied. 

(2) The conditions demanded in Theorem II may be stated without reference 
to the function <p(n, a, t). Thus, it suffices (aside from the conditions upon 
f(x)) that the function $(n, a, t) shall satisfy relations (I) and (111) of Theorem I 
together with (II)' of Theorem II. 

This follows from the fact that the conditions placed ujam <p(n, or, t) in 
Theorem II are there inserted merely that $>(w, or, t) may have the properties 
just indicated, the latter being those upon which the proof in reality depends. 

Similarly, in using Theorems VII and VIII the conditions stated relative to 
<p(n, a, t), <p(n, b, t ) may be replaced by the same conditions referred to <!>(«, a, t ), 
$(n, b, t ). 


(3) Assuming that relations (II), (III), {A) and ( B ) of Theorem I are satis¬ 
fied, let us suppose that instead of relation (I) we have the following: 14 


(I)' 


lim | <p(n, a, t)dt = 

natoo Uq 


— J + x(“> f) when a — a t — «, 
i 4- x(«, 0 when e l": illb — a, 


where x(«, t) is any function of a and t such that 

(a) Having given an arbitrarily small positive quantity or, one may determine 
a positive quantity £ dependent only upon a such that 

“ As in (I) of § 51, it is here to be understood that the convergence (» ■> ») is uniform 
for the indicated values of a and t. 
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|x(«, 2) | < <r when 

(h) The partial <lerivativc dx/dt exists whenever a' S V, a — a^t 
Si h — a and for the same values of a and t is such that 

dx 

Qt < 1) = constant independent of a and t. 

Under these conditions it is easily seen that the function <p(n, a, t ) — dx/dt 
comes to satisfy relations (I), (II) and (III) of the theorem of § 51 from which 
it follows that for a fixed value of a such that a' 5= a = b' we may write 


a'SaSb', 
- J2 * Si 



f*b 

dx + lim I f(x)<p(n, «, x — a)dx = 

-a oo Ja 


/(<* 


0) +/(« + 0) 

2 


Moreover, if (instead of condition (B)) /( x) is continuous throughout the 
interval a r i'j a* : ; I/, the end points z = a', x — b' included, and has limited 
total fluctuation throughout an interval (aj, bi) such that a < a\ < a’ < b' 
< hi < b, then for all values of a in ( ab') the equation will hold true uni¬ 
formly, it being understood that the right member is then replaced by f(a). 

Analogous remarks relative to Theorems (III), (V), (VI) are readily supplied. 



The Calculus of Residues as Applied to the vSemes Developments for 
an Arbitrary Function. 15 Tiie General Problem of Storm 


57. A comparison of the developments occurring in mathematical physics 
for a function/(a) of one real variable x shows that they are ordinarily of the form 

[ f f(x)F(x)lh(Fn, x)dx I f(x)F(x)f/.>(K,x)dx 

jN n t (K, *) V..+ //*(*»> *>' “ 

nail F(x)Ih^n, X)dx F(x)Hr[\ n ,x)dx 

%) a **** 

(33) (* 

jf f(x)F(x)f/,„(\„, x)dx 
+ • • • + x) r , 

I F{x)Jl m "(Fn, X),lx 

*/ Cl 


where f7i(X», x), 27a(Xn, x), // m (X n , *) are m functions of x and of a certain 

parameter X which takes different values from term to term in (33) according to 
some given law, and where F(x) is a function of x only which is finite throughout 
the interval (a, b). 

Thus in the case of a Fourier series we have m ~ 2, //t(X„, x) ~ sin nx, 
Hz(\n, x) — cos nx; and a = — t, b = ir, F(x) ~ I. Again, in dealing with the 
usual expansion of f(x) in terms of Bessel’s function of order zero, we have 
m = 1, Hi(Kn, x ) = J o(\„, x), a = 0, b = 1, F(x) x, X„ being one of the roots 
of the transcendental equation J»(x) = 0. 

It is to the important developments (33) that we shall hereafter devote our 
attention. 

The first n terms of (33) when considered for any particular value of x such 
as a; = a may evidently be put into the form 


where 


f J(x)<p(% a, 


15 Tine calculus of residues was first applied by Cauchy to the study of infinite series, in 
particular to Fourier series (cf. Picard, “Traits d* Analyse,” Vol. II, Chap. VI, § 9 H ttr§), Its 
application to the general study of developments in terms of normal functions appears to have 
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(34) 


I F(x)TI s 2 (\ r , x)dx 


rml **sl 


Upon referring to the theorems of §§ 51-55 it thus appears that in order to 
show the Hummability or convergence of series (33) to the value 


/(a — 0) 4- /(« + 0) 


or 


/(« + <)) 4-/(6 - 0) 


or Gif (a + 0) or (? 2 /(f> — 0) 


according to the cases there considered it suffices to show that the conditions 
specified for tp(n, a, t ) in the same theorems are present when 


(35) 


(80) 


,v 't'K'nn J\a+t)II a (\r,a + t) 
<p(n, a, t) =* 2., 2~, II «(Ar, «) r b - -• 

r “ I F(t)TI 2 (\ r , t)dt 

Ja 

Thus the integral 

cp(n, a, t)dt, 

0 


which plays an important part in these theorems, becomes in the present case 

f F(a + t)I[ a (\ T) a+ t)dt 

Jq 


* n m 

(37) I <p(n, a, t)dt = X) £ //.(X,, a)' 

*/» r I « . 11 


£V(f)//» 2 (Xr, t)dt 


58. Now, the* values Xi, X a , • • *, X n , ••• of the parameter X are usually 

given as the roots (or part of the roots) of some transcendental equation u(z) = 0 
where u(z) is a function of the complex variable z which is analytic throughout 
all finite portions of the z plane. Thus in the case of Fourier’s series we have 
n{z) -.miwz and in the above mentioned case of the expansion in Bessel’s 
function of order zero we have v(z) = Moreover, these roots, when 

considered as zeros of the function u(z) are ordinarily zeros of the first order and 
we shall supixise this to be the case in what folic ' 

Then the function w(z) « 1 fu(z) will be ana^nxrTRroughout the finite z 
plane with the exception of the points Xi, X 2 , Xg, * * •, X n> • • where it will have 
poles of the first order and, considering 6(z) to be any other function of z which 
is analytic throughout the finite z-plane, we shall have, provided p is a positive 
integer, 

0(z)Hi p (a)(a - X„) p - 8(K)A> + [6(z)w*(z)(z - X*)*’]L(» ~ X») 4 

+ - (* _ X«) J>—1 4- «i(a)(a “ Xn) p , 

(p - 1) i 


(38) 



where A is the limit of w{z)(z — A„) as 2 = A„ and «>iw is a functim 
is analytic in the neighborhood of the point z = A„ and where 

[e(z) w *(z)(z - x„)”K„ 

indicates the value of the sth derivative of 8(z) w v (z)(z — An)*’ at the pi 
From (38) we have 


(39) 


, Ww ,o0 = °&>a* [tfwrwc* - 

W (Z-In)^ (2- An)"-' f 




I0(z)ii'”{z)(z - X„)"|! 


(3 - A„)(p ~ 1)! 

and integrating in the positive direction about any closed oontoii 
encloses the point z = A» but no other pole of w(s) we have by <’uueh 
theorem 

1 r a ,s mw>'(z)(z- x n )'’i'*'„ 1 

(40) 2riJ/ W ” (=Ws= (,,-1)1 

If, therefore, we integrate about a (dosed contour C n which encloses 
of the points Ai, As, A 3 , • • • but no other poles of w(z) we shall have 

mz)W'(z)(z - A„' 
2tU 0 :^"' (p- 1)1 

and hence also 

(42) lim f 0(z)w»(z)dz » £ t<?(s) "’"J ^ 3 ~ ‘ 

n ,«,/7 nJr H „ , (/> — I)! 

whenever either side of the same relation has a meaning. 

In particular, when j> ** 1 and p *= 2 we have respectively 


(41) ~~ f e(z)w“(z)dz~± l 


(43) 

„L 

2ti 

1 8(z) w(z)dz = 
Jc H 

(44) 

l 

2«J 

f 6(z)ur\z)dz ■» 

C, 1 

or, since 

_ __1__ 
u(z) 


w(x)(z - K) 



2 - A n 




[6(z)w\z)(z ~ 

■ Xn) 2 l = 

ff'(X„)tw»(X»)Ca - 


relations (43) and (44) may be written in the form 


(45) 


(40) 


i c e( f dz= ± 

In J^w(z) 


j_ r m 

2n J r jt 2 (z) 


n 


<k = Z 

nsl 


fl'(x«) 

w'(X„) 


*00 M 

«'(Xn) ’ 

_ e(\ n )u"(K n ) 

w'(Xn) 3 


It is desirable to note also that if in (4G) we substitute 0(z)^(z ) for 0(z) we 
obtain 


l r 0(z)rKz) _ 
W r . w*( 3 ) "* " 

so that if i/''(X«);<'(X n ) — 
(47) 


V I *'0OlKXn) , , ^'(Xn)M'(X„) - i/(\ n )u''(K n ) 

At +,(X > ) «.'0g 5 

^(X»)m"(X,,) — 0 we shall have 

J f »(s) . _ f, 0'(X„W(X„) 

2nJ r ,u\zj (lZ ~ u\\ n y • 


59. We proceed to apply the results in (45) and (47) to the sum (37) which 
defines the integral (30) whose properties are desired in order to investigate the 
convergence of (33). 

Ih 4, us suppose that for the given value of a we can construct a function 
0(z) which shall be analytic throughout the finite z plane and such that its value 
at the points Xi, Xj, • • •, X», • • • shall be given by the equation 

„, //.(X„, a) j ‘ F(a + f)17«(Xn, « + t)dt 
(43) 0(X„) ' H L «'(X n ). 

F(t)II.\K, t)dt 

As a result of (45) we shall then have 

(4 ”> .1 *(».«.«■*-2LX.uW*- 


If, again, we can construct a function 0(z) analytic throughout the finite plane 
and subject to the single restriction 

, //.(X n , a) f F(ot + t)II,(K n , a + i)dt 
(50) 0'(X„) - £ ‘ ° r u M'(X») J , 

lA(Xn) F(t)H*(\ n ,t)dt 


where ip(z) is any function of z analytic throughout the finite z plane and such 
that ^'(Xb)u'(X b ) ■= ^(X B )a"(X») then, upon applying (47) we shall have 


(51) 


f <p(n,a, l)di 
Ja 


u Cf. Chapter I, formula (30). 


I r e(z)m 

2nJ c . «*(z) 



It thus appears that by means of (49) and (51) n the discussion of (37) may 
sometimes be transferred to that of an integral of a complex variable 3 . This 
will be the case in the special developments to be considered in what follows. 

60. We now proceed to examine the scries (33) in some of its more important 
cases—viz., those related to the general problem of Sturm. 18 Here we have 
m = 1 and, representing by J7(X n , *) the single function //i(X„, x), we have by 
hypothesis 

(52) I F(x)II(Xn, x)II(K n , x)dx = 0 ■when n -b m. 

•/fit 

Moreover, when x is taken between a and b (a and h included) the function 
H(z, x) is assumed to be analytic in 3 throughout the finite s plane and real when 
z is real; also to be such that when 3 has any one of the values Xi, X*, • ■ •, X„, 
it is a solution of a certain linear differential equation of the form 

(53) ~ (tf(x) ) + {F(x)v(z) + FM I H(z, .r) - 0, 

where Kix), F(x) and 2'\( x) are functions of x only, while »(s) is a function of 3 
only. 

In such cases the developments (33) assume the form 

22 ?n2/(X«, x), 

t»s*l 

ff(x)F(x)II(K, x)dx 
Ja 

f F(x)U\K, x)dx 

• u 

We first proceed to note certain general consequences which flow from the 
above restrictions upon II(z, x). 

From (53) we have 

(56) | («*) ) + (f(IMW + f, M I IHK, -r) II. 

17 It is to be observed that if in (49) the function $(z) hns singular pointa within (** the formula 
continues true provided that the sum of the residues of the right integrand at such points lie 
subtracted from the second member. Similar remarks evidently apply in (51) if $(z)$(z) lias 
singular points within C». 

18 Cf. Dini, “ Serie di Fourier, etc.,” §§90-96. The problem here presented has 1 hh*u the 

subject of numerous and extensive researches in recent years, but usually under the nwi*nipt ion 
(not her© introduced) that the differential equation (53) in terms of whoso solutions the pro|Mnt©d 
development is to b® made, shall have no singular points within the (dosed) interval (a, h ) for 
which the same development is to hold. But this assumption unfortunately rules out some of 
the most important special developments, such as those in term® of Bessel functions and I<egendre 
functions. For summary remarks upon the more recent researches of this character, ace liAcinext's 
address before the International Congress of Mathematicians at Cambridge in August, 1912, § 1L 


(54) 
where 

(55) 


(5?) + W*>-(W + ftWlffOw, x) - 0. 

Hence, after multiplying both members of (56) by //(X„, x) and both members 
of (57) by II (Xm, *) and subtracting, we obtain 


m IKX») - 


(58) 

and therefore 


^ (Xm) } II (Xm, *r) II (Xn, 3;) 


a 

dx 


K(x) 


IKK, x) 


dII(Km, x) 
dx 


II (Xm, *r) 


dIKK, X.) 
dx 


]} 


JTW T) " (x - “ kx3--T(x,) { **> 0» 

— H(K, *)^-^-”-]} i * 

Thus, in order that (52) may be satisfied it suffices that the roots Xi, X 2 , X 3 , 
be so chosen that 


K(b) 


(59) 


fff\ dlKI^m, X) ff/\ \ dH(K, ^-0 

II (X„, x) ^ -//(Xm, a-) - 


A’(a) [//(X,„ r) a//( ^”’ ^ - //(Xm, *) — ^ ^ 


da: 


1-' 


provided ■/« + Moreover, among the different ways in which this relation 
may exist is that, of supposing that for every value of n we have the following 
two equations simultaneously: 


((SO) 


K(x) x) - h'II(\ n , x) « 0 when x =* a, 
K(x) 911 J) - *//(X„, a-) = 0 when x = b, 


h and h' being any real constants, including the limiting values h — ± °o, 
h' » ± «> corresponding to which the same equations become //(X„, a) = 0 
ami II (X n , 5) *■ 0 respectively. We shall hereafter confine our attention to the 
cases in which relations (60) are satisfied. Furthermore, if K(a) + 0, K(b) + 0, 
we shall suppose that the transcendental equation u(z) = 0 whose roots deter¬ 
mine the quantities Xj, X 2 , X*. • • • is taken in the one or the other of the two 
following manners: 


(01) 

u(z) «= 


(62) 

u(z) ■» 

" dIKz, x) 

Sx 


- h'II(z, *)] a 

- hll(z, a:)l 


= 0, 
= 0, 
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thus rendering one of the two relations (60) satisfied at once. Similarly, if 
K(a ) = 0, K(b) =(= 0 we shall use (62). In this case it is to be observed that we 
have merely to place h! = 0 (u(z) having been chosen as indicated) to have 
equations (60) satisfied whatever the solution II(z, x) of (53) chosen to be used 
in (54). Likewise, when K(a) =|= 0, K(b) = 0 we shall use (61) in which case 
the solution II (z, x) of (53) to be used in (54) may be chosen arbitrarily. Finally, 
if K(a ) = 0, K(b) = 0 the equation u(z) = 0 may be taken arbitrarily together 
with the solution II (z, x) without destroying the coexistence of (60). 

61. We add that if the solution II(z, x) considered as a function of the two 
variables z and x is finite and continuous together with its first, and second partial 
derivatives: dll/dx, dll/dz, d r IIjdxdz for all real values of x such that a * .r * b 
and for complex values of z in the neighborhood of each of the points s X„, 
and if the equation (61) ( h' finite or infinite) is satisfied ■idrnitealli/ for all values 
of z in these regions, then it is easy to evaluate each of the integrals 

(63) f F(x)II*(k n , x)dx, 

%Ja 


which appear in the coefficients q„ of the series (54). 

In fact, if we change K, to z, as we may now do, and integrate from a to x 
(a < x < b) we shall have by (58) and (01) 


jT'rwflfe x)ff(v, x)* - „ (J) J ^ [ m {//<», x) 3/,(X ; 


II (X„, x) 


ff//(z, x) 
dx 


and this holds true for any value of s in the indicated regions. 

Whence, upon allowing z to approach the value X» we obtain under the 
present hypotheses 


rF(x)IIKK x)dx 
Ja 


l ,,, ,{ dll (X», a-) dll (X„, x) 

v'(K) L AW l ax n dx 


- IKK, x) 


d*ii(K, x) 
dKdx 



where if desired X„ may be changed to z for values of s in the indicated regions. 
Passing now to the limit as x = b we obtain 


(64) 


f 


F(x)IP(\ n , x)dx 


1 f r , . f dll(K, x) dll(K, x) 
dK dx 


- IKK, x) 


dHKK,x)V 
dKdx b ’ 


in which as above we may replace K by z provided z has values in the indicated 
regions. 



Finally, by use of the second of equations (60) we may write (64) in the 
following form when A is finite: 


(,ir„ (X.. 4* - [«<K 4 -*.)} ],. 

In like, manner, if A — db <» so that J/(X„, b) = 0 then (64) may be written 


(C>6) 


£ *X* )//-'(X„, x>/x = ^ [a» 


37/(X n , a:) dJ/(X„, x) 


3X„ 


3x 


-U 


(52. Expressions ((54), ((55) and ((5(5) thus enable us to find under special con¬ 
ditions (he value of the integral ((52). Among the cases in which the same 
special conditions cannot be satisfied, the following are to be especially noted. 

If, ns we have supposed, F(x) and J/(X», x) are real when x is such that 
a * x ' b and if in this interval F'(x) does not change sign, then the integral 
((52) cannot be equal to zero. Whence, under these conditions (64) cannot be 
used if K(l>) 0 (A finite or infinite) or if 

((57) 77(X„, b) = 0 (A finite) 

or if 


m 


3/7(X„, x) 
3X„ 


0 or 


dll (X„, x) 
dx 


I' 


0 (A infinite) 


or (as appears from (tin)) if 
. f)77(X„, x) 


((59) 


ax. 


- K(x) 


3-/7(X„, x) 1 


d\ R dx 


0 (A finite). 


(52. Returning then to the series (54) and assuming that the quantities 
Xj, X-j, X 3 , • • ■ are taken as the positive roots of the equation (62) while the equa¬ 
tion ((51) shall be satisfied identically for all values (real or complex) of z in the 
neighborhoods of the same values; assuming also that the partial derivatives of 
77(s, x) exist and satisfy such other conditions as we have imposed in § 61, we 
may say that unless K(b) =* () or one of the conditions (67), (68) or (69) is satis¬ 
fied, we shall have for such developments when A is finite 


«(=) 




r h , i r rin j d//cx», x) 

j t F(x)I/HK, x)dx « | 7/(X„, x) | A 3Xb 


(70) 


K(x) 


3 5 /7(Xn, x) 


On the other hand, if A 


d\ n dx 
± oo, we shall have 
u(z) — 7/(z, b), 


11 


U'ffin) 


/(Xn) 


H(Kn, l). 




(71) 


r vr , mA w _ «'(0 r r( , 3//(Xn, a-) 1 

J* F(.x)II x)dx „'(x n ) |_ A 0 3a: J, 


Upon applying formulas (49) and (51) we thus obtain the following general 
results concerning the integrals (36) pertaining to the present developments: 

(1) h finite. Formula (49) here gives 


h II * 


(72) 


X ^ a ’ t)dt = 2™ I 


v(z)ll(z, a) j F(a + t)If(z, a + ()dt 
J 0 


/f», 


where Rn represents the sum of the residues of the integrand at any singular {Hants 
which it may have within C n besides the points X\, X- 2 , * * •, X n ; i. f. t besides those 
points z = \ n within C n , for which 



Formula (51) here gives 


(74) 


X (p ^ n ’ 


a, t)dt 


1_ r 6(z)f(z)dz 

tn 


dx 


Itni 


where Rn represents the sum of the residues of the integrand at any singular 
points which it may have within C n besides those points s X„ for which (73) 
exists, where i^(z) is a function of z only such that f'(K n )v'(X„) — ^(X„)h"(X„) *» 0 
and where 8(z) is to he so determined that 


(75) 


e'(kn) 


v (K)u r (Xn) II (Xn, oc) j F(a ~f" /)//(X n , <* -f" t)flt 

MK)U(K, b) 


(2) h = ± oo. Formula (49) here gives 


j ^ v'(z)II(z, a) f F(a + t)II(z, a ( t)dt 

2*5 J r ' ( dll\ liz ~~ lint 

where Rn represents the sum of the residues of the integrand at any singular 
points which it may have within C n besides those points for which 


(76) 


/ 


<p(n, a, t)dt 


H(z, b ) as u(z ) = 0. 

Formula (51) here gives 


(77) 


Jo 


<p(n, a, t)dt 


1 C f (z)6(z)dz 
2*ri J 0n IP(z, b) 


Rn, 



Problem op Sturm 


where R n represents the sum of the residues of the integrand at i 
points which it may have within C n besides those points for which 

II(z, b) ss u(z) = 0 , 

where 

. . iA'(X„)m'(X b ) — ^(X„)m"(X„) = 0 

and where 


(78) 


0'{\n) 


»' / (X n )a'(X„)//(X„, a) f F(a + t)II(\ n , a + t)dt 



IV 


The Stjmmability and Convergence of Important Special Developments. 
Developments in Terms of Bessel Functions, Legendre 
Functions, etc. 


1. Certain Important Sine Developments. 

64. As the simplest application of the preceding general results to well- 
known developments in mathematical physics, we now turn to the development 

00 

(79) 22 <7n sin X„a*, 

n-a l 

where 

(80) = 2 v +"'+/+ D [ /W O- rir 

and where the quantities X n are the positive roots of the equation 

(81) z cos z -f V shi z = 0, 
p being a (real) constant 4= — l. 1 * 

In this case II(z, sc) = sin zx so that the differential equation (53) becomes 

(82) X) + z J //(s, x) » 0. 


Thus, we have K(x) = 1, F(x) = 1, I\(x) ■* 0 and, as appears from (HO), a = 0, 

6 = 1 . 

Moreover, equation (61) becomes satisfied identically for all values of s if 
we place h' = », while equation (62) becomes (HI) if we place 4® - p. 
Considering then that, in the notation of § 60, we here have 

u(z) = z sin z + p sin a 

and noting that the solution sin zx of (82) is one to which the general results 
obtained in §§ 61, 63 apply, we may write by use of (64) and (HI), 



sin 2 zx dx 


1 f d sin zx d sin zx . d 2 sin zx " 

2z 1_ dx dz dzdx J„„, 


_ 1 _ 

2z 


[z cos 2 z 


sin z cos z + z sin 2 z] 


sin 3 s 

2gS I» a + pip + 1)1 



» ■u.wvi. JvVJUUilN lO 


16 S 


and hcnise 


X * m2 ^» xdx - ■' 2xX IV + p(p + 1)] 


or, since 


a v = 


sm a X n 


Xu 2 


we may write 


Xn 2 + f 


2V + f) 

I'lniH it appears in the first place that the coefficients q n as calculated by (55) 
agree with the given values (80). 

Now, 

u'(s) — a sin 3 + cos s + p cos z = — z sin z + (1 + p) P sm z 

z ’ 

«"(») « - sin 3-3 cos 3 - sin z - p sin 3 = - [2 sin z + «(*)], 
and hence 


(H3) 

so that 
(84) 


I «'(X„) = - [X„ 2 + pip + 1)], 

l u"(X„) - - 2 sin X„, 

r 

oo 


sin 2 X.fdx : 


1 u'(K? 


2X„ 2 4- Pip+l)' 


I'Ct us now avail ourselves of formula (77). 20 In order to do this we are 
first to determine the function ^(s) according to the condition 

VMt'iK) - = 0 . 

A {Kissible choice of ^(s) is ^(*) * a 2 4- pip + 1) since from (83) we have 

«"(X„) 2X„. 

m'(X„) “ v 4- pip + l) ‘ 

Assuming that ^(a) has been chosen in this manner, we now have to deter¬ 
mine a function 6(z) according to the condition (78) which, by means of (84) 
becomes in the present instance 

sin X»a 

*'(X„) =» 2(X* S 4* pip 4" 1)]-- 

** 2 sin KctJ* sin X»(a 4- t)dt. 

m Dini hint shown through an elaborate investigation that this formula will always lead to de- 
eliiv® rwulfii whenever the solution H(z f x) has the special form H(zx); that is, when the variables 
* and x enter only through their product. (Cf. “Bene di Fourier, etc.,” §§ 97-109.) The well- 
known developments in terms of Bessel functions form a special class of this kind. 


Jq 


sin Xn(a + t)dt 




160 


OUMMABILITX OF roUJtumt ujgjJua.gjd aina./ 


J. JkJUJUAJ 


Hence, let us take 0(a) such that 


0'(z) = 2 sin za f sin z(a + <)<ft = f M te - cos (2a + /)]<//. 

c/Q ^0 


In particular, let us take 

0(z) = ( f [cos to — 
Jo Jo 


cos (2a + t)s]dzdt 


If 


sin to sin (2a + 0^ 


2a + t 


Formula (77) thus becomes 

ft if z 2 + p(p4- 1) rT Hints sin (2a 4* Os'] , 


-ifaf. 

2m J u Jcjcosz 


os z + p sin s] 2 Jo I t. 

r 1 + wi(z) sin to 

L [cos z + «z(s) sin s] 2 t 


2a -h < 


1 f‘ dl 7* [1 4* « t (z)| sin (2a 4-0s^ w 
2m Jo 2a 4- tJ c . l (, <>s z + ««(z) sin z| a ( 

where the contour C n is so taken as to inclose the roots Xi, Xj, • • X„ un<l only 
these roots of the equation u(z) = 0 nn<l where, in the last two integrals we have 
placed for simplicity 

p(p 4- 1) .. _ V 


We observe at this point that in applying Theorems 1 and II of §§ a l, 52 
to the function <p(n, a, t) of the present development, the values of a and t with 
which we shall bj concerned are such that 

f 0 < a' < a < 1/ < 1, 

(86) -I — a 7' t *' 1 — a, 

[ 0 < a' < a * 2« 4" l * 1 4" a < 1 4' !>' < 2. 

Returning then to (85), let us take as the contour (\ the rectangle formed in 
the a plane (a = x + iy) by the lines a * J- + ij, a ® r — ij, 3 ///, s ■■ k {- ///; 

j being any positive quantity arbitrarily large and k being any positive quantity 
lying between X* and X»+i. Now, the function appearing in the integrand of 
(85) is an odd function of a which remains finite in the neighborhood of the 
point a = 0 since p =t= — 1. Whence, the portion of the integral in question due 
to integration over the y-axis is equal to zero. Upon tin* sides which are parallel 
to the a:-axis we have dz = dx. Whence, considering first the side upon which 
2 = i + ii the last integral of (85) extended over this side becomes 

_1_ f‘dt f k [1 4- on} [sin Ax cosh Aj 4* i cos Ax sitdi 4/1 

2 m J 0 A J 0 l) x lh 1 ’ 

where A = 2a+ t, Di = cos * cosh j — t sin x sinh j 4- ws, lh ** 

4- i cos x sinh j. 


sin x cosh j 
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Now, the functions on = o)i(z), 0)2 = 052 ( 2 ) are each less in absolute value 
than a constant (independent of z) provided \z\>Q = fixed number > 0 . 
Thus, we have but to make use of the well-known properties of the hyperbolic 
functions to sec that if we place j — - f- °o the expression above will approach 
uniformly the limit zero for all a and t satisfying relations ( 86 ). 

Similarly, we reach the same result for the last integral of (85) when extended 
over the side upon which z = x — ij. 

Turning now to the first integral in the second member of (85) extended over 
the sides upon which z — x ± ij, we note that 

sin Iz sin tx .. . sinh tj 

j — ^ cosh tj ± % cos lx - 

and hence, 

sin tz , . . , 

= x cos lix cosh tj ± tj cos tx sinh tij, 


where l\ and t« art 1 values lying between 0 and t. Moreover, for all values of t 
under consideration in (86) we have |/|< 1 so that if we place j = + 00 as 
before, the first integral in the second member of (85), like its last integral, will 
approach uniformly the limit zero for all values of a and t concerned in (86). 

We turn then to the consideration of the last member of (85) when extended 
over the side of the rectangle (\ which is parallel to the y-axis. Here we have 
z — k + iy, dz ™ idy and, having taken j = -f- 00, we see from what has just 
been said that for all values of a and t in (86) this member reduces to 


(87) 


I r r 1 +«. sin tz 

2 r X <U J * [cos z + u>s sin z] 3 t 


Ay 


1 f l di r 3in (2c e+ Qgj 

2jr X + £ X.„ [cos z + « 2 sin z] 2 V ’ 


in which it is understood that z — k + iy. 

Now, it suffices for our purpose to examine the behavior of (87) as k = 
and we may take for k any number which, at least for all values of n greater 
than some fixed value, increases indefinitely with n without at any time being a 
root of the equation u(z) «= 0 ; i. e., of the equation 

K — cos z -f~ 652 sin z = 0 . 

Thus, we may take k = nr, in which case 

1C- •“ [cos (mr + iy) + o >2 sin (nr + iy)f = cosh 2 y{ 1 + tanh y ] 2 
and hence 




JLOO 


Kj U IVUVlAJDAiJi. XX V/X 


3 tanh 2 y + 2iw s tanh 3 y 


E 2 ~ cosh 2 y | 1 2m ° 2 tanh V 1 + -i-U'i tanh y — c*/ tanh 2 y 


cosh 2 y 


, , tanh y , 5 } 
1+7 I rj i 


where, upon recalling the form of a t (z), we have 7 = “ ~h> “ I1(1 therefore inde¬ 
pendent of z, while 5 depends upon z but has a modulus less than a certain fixed 
number M for all values of |z| > a fixed number k a . 

Thus expression (87) becomes 

1 C‘ . C* (* . 7. , , «i\ «hite , 


1 /*t /»00 / 

— dM ( 
2ir J 0 J_ w \ 




l r *dt 

2ir Jo 2a + t 


£ ^1 + 2 tanh // + ^ 


St \ sill (2a -f- 
z* / cosh 2 |/ 


where 


6 * y S 

1 + - tanh y + ~\ = [1 + w t ] l + _ tanh y + a , 

% Z m mt 


so that 8i like 5 has a modulus less than some constant M\ when |sj > it fixed 
number — ki. 

Considering now the terms in (89) which have z 2 in their denominator, we see 
that for all values of a and t in (80) these terms approach uniformly the limit zero 
as k = oo. Thus, since 


*>.<*«+J« a (2 »+ 0 *«» h ^+«» 

cosh 2 y cosir y 


+ c?oh (2a 4‘ t)k 


siiih ( 2 a 4- l)y 

cosh* y 1 


where 0 < a* £ 2a 4“ t 25 1 4” V < 2 we have, however great \s\ may hc% 

Bin {2a + t)z t> 

"“cosh* y ‘ ^ 


so that 


r i 1 ain ( 2a +i t dt 9M r <iy 

J_» & cosh 2 y dy < 2t J 0 a' 2 Il J a Id f- if 


- 1 f‘ dt r° Si sin (2a + 
2ir Jo 2a + t J_„ z 2 cosli 2 y 

In like manner, noting that 


dy Mi 
1- id u'k' 


sin tz sin tk . jF ainh ty 

—j~ = t cosh ty + i cos tk — 


=* k cos hk cosh ty -f- iycos tk cosh t%k, 

where h and t% lie between 0 and t, and recalling that for all values of t under 



consideration we have \t\ < 1, we may write 


1 



5i sin tz 
z 3 t cosh 3 y y 



Mi 

k * 


Similarly it appears that the derivative with respect to t of each of the same 
terms of (N9) has the properties just indicated. 

Thus (K9) reduces to the form 


y{k — iy) \ sin Jet cosh ty 


<»> - 1.(» + -f. 0 + 1; j’** >)- — t ^ (to+ ‘ >, » 
- i{»:l. /: 0+t; ^ 0 oos 

+ A (a, t, k), 


where, for nil values of a and t under consideration, A (a, t, k) and dA(a, t, k)/dt 
converge uniformly to 'zero when k = ®o. Or, expanding and dropping integrals 
which vanish identically since they are relative to odd functions of y, (92) assumes 

the form 


m 


1 r* sin kt u P m cosh ty . yi (** sin kt f°° y tanh y cosh ty 

2x1 < '"J.,rf/"-2xJ, t- d ‘Lw + ?y«A*y iV 

, yi f .... f* k tanh y sinh ty 
^ 2r j u “ m ^ J „ {k 2 + y 3 )/ cosh 3 y y 

1 /** sin (2a + <)& ,, r cosh ( 2a + % , 

-2x1 2,, + / d, J_. 4 

yi /*' sin (2a + £ 

2jr J„ 2a + t 

- T f‘"“f 1 + , "'<« I ... ‘.. <■ »• 

2^,4 2a + l 


cosh 3 y 

/*" y tanh y cosh (2a+j0y , 

./,« C + y 2 cosh 3 y V 

X * k tanh y sinh ( 2a + % 

+ y 2 cosh 3 y 

We proceed to consider separately the six integrals here appearing. 
The first may be put into the form 

1 sin kt 


m 

where 


/, 


/«( 0 ) 

2?r 


ri7“ + S-l WW-WST, 


m 


sinj f x co sh ty 
t A. cosh 3 y 


,, sin let 
/i(0)]— rdt, 


dy. 



Whence, if t > 0 the limit of the first term in the last member as k = oo is 
/i(0)/4 (cf. Appendix, Lemma II). But 


/i(0) 


X QO 

00 


dy 
cosh 2 y 


= 2 


and hence ask - oo the term just mentioned approaches the limit | when t > 0. 
Again, by breaking up the integration in the last term of (94) into that from 
t = 0 to t = y plus that from t = y to t = t (v arbitrarily small and > 0) and 
observing that the function fi(t) has limited total fluctuation in the neighborhood 
of the point t = 0, it follows that the same term approaches the limit Kero as 
Jc= <x> (see Appendix, Lemmas I, III) . 

Likewise, if t < 0 we obtain lim 7i = — |. 

JfcsaOO 

The second and third integrals of (93) may be reduced respectively to the 
forms 


yi 
%rlc 


7^ 

2irJc 


1 r 

h Jo 

j". 

Jo 


sin kt 
kt 


ktdt 


f‘ x ft? y tanh y eosh ty , 
dt Ljr + y 2 ' cosh 2 y • A 

X ® k 2 y tanh y cosh tiy 
.&* + »*’■ cosh 2 y dy ’ 


where h is a quantity lying between 0 and t Since wo have always 


k 2 

k 2 + y- 


1, 


sin kt 
kt 


< 1, 


it thus appears that the limit approached by each of these integrals as k oo 
is equal to zero. 

In order to study the fourth integral of (911) let us make therein the substi¬ 
tution 2a + t = 2 — t. Since k = nir the integral in question becomes 


(95) 


1 r sill Ict r cosh (2 - t)i/ 

2—r J_ M cosir y dy ’ 


in which it is to be noted that for all values of a and t in (SO) the quantity r is 
positive (1 — 6' < r < 2 — a'). 

The expression (95) is of the form 


(96) 
where 

(97) 


Mr) = 


i r 

» , v sin hr , 

2w J 2 (i- 

Mr) • ' dr, 

' sinr ’ 

sinr 

pcos(2-r)y 

2 — T 

J_ M cosh 2 y 


dy. 


We have now but to apply Lemma I of the Appendix to the integral (90) 
in order to see that for all values of a and t with which we are concerned the 
expression (96) converges uniformly to zero when it = oo. 
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finally, the fifth and sixth integrals of (93) are readily seen to approach the 
limit zero when k = °o and the convergence is uniform for all values of a and t 
entering into (S(i), since we have always |2a + t \ < 2. 

In summary, then, the present function <p(n, a, t ) satisfies relation (I) of 
Theorem I, § HI, it. being understood that we here have a = 0, b = 1. 

We turn therefore to a consideration of relation (II) of the same Theorem. 
This relation is at once seen to be satisfied since, as just shown, all the integrals 
of (93) converge uniformly to zero for all a and t under consideration except the 
first, and this integral satisfies relation (II) of the theorem by virtue of Lemma III 
of the Appendix, 

Again, relation (III) of Theorem I, §51 is readily seen to be satisfied in 
the present instance upon noting that the function <p(n, a, t ) is here equal to the 
derivative with respect to t of the expression (93) and that dA(<x, t, k)jdt con¬ 
verges uniformly to zero, as already pointed out, when k = oo. 

Before summarizing these results into a theorem respecting the series (79) 
we turn to consider the application which may be made in the present instance 
of the general Theorem II of § 52, thus arriving at certain results concerning the 
summahility of the same' series. In view of the existence already demonstrated 
of relations (1) and (III) of § 51 it will here suffice to consider whether relation 
(II)' of § 52 is here fulfilled. Moreover, the properties of the integral 

(9K) ( ‘ j<l>(//,«, 0|d/; -fSiSe 

of tin* present development are readily obtained from the expression (93). In 
fact, in order to be assured of the desired properties of (98), it suffices to show 
that each of tin* seven terms of (93) when affected by the operation 

i » 

z 

H 

has these projMTties, it being understood that absolute values are employed under 
eaeli integral sign and in the integrals which constitute the expression A (a, t, k). 
For the sake* of simplicity and also because the indicated studies are readily 
carried out* though the forms in (93) are complicated, we shall here suppress the 
details, noting simply that the desired result follows in each case when we make 
use of Lemmas IV and V of the Appendix and make use also of (90) and (91) 
in the study of 

;EA(«, U k). 

We turn then to note the application of Theorem VI of § 55 to the present 
development in order to ascertain the limit approached by the series (79) when 

x * 1. 



For this purpose we first observe that the integral 


f 


(p(rif 1, t)dt 


is here obtained by placing a = 1 in the expression (93). In the resulting new 
expression the first three integrals, when considered for values of t such that 
— 1 < t — e are readily seen to have the properties already obtained for the 
corresponding integrals for the case 0 < a < 1 (in which case — 1 < t instead of 
-1^0- 

The fourth term, however, does not approach the limit zero in case a = 1 
since the lower limit of integration in (95) is now equal to zero so that the reason¬ 
ing before employed can not be used. The resulting integral now assumes the 
character of the first integral of (93) and if treated in the manner naturally 
suggested by the analysis of that integral we find directly that for the values of r 
under consideration the limit approached as h = oo is — /i(0)/4 where /i(0) 
is to be determined from (97). In order to find the value of jfi(O) it is desirable 
to make first the following general observation: 

If (p{y) is a function of the real variable y which, together with its first deriva¬ 
tive, is finite for all values of y then, for any number 0 such that 1 d f < 2 we shall 
have 


(99) 


/»00 

I <p(y) 

•J—ao 


cosh dy d 

cosh r y dy ~ 4 - 0 2 


+ 


2 r* 
r-trlrW 




cosh dy sinh y 
cosh 8 y 


sinh dy 
cosh 2 y 


dy 


dy + 


In fact, integrating once by parts we obtain 



cosh Oy 
cosh 4 y 


dy. 


( 100 ) 


/'•OO 

v(y) 

*J—ao 


cosh dy 
cosh 2 y 


dy 


1 n sin] 


sinh dy 
cosh 2 y 


dy 


+ ■ 


and in like manner we may obtain also 
sinh dy sinh y 


j I <p(y) 

’ * J 00 


sinh dy sinh y 


cosh 3 y 


dy 


( 101 ) 


f oo ( 

<p(y)‘ 

oo 


cosh 3 y 


dy 


+ ■ 


1 C* 


cosh dy sinh y 


cosh 8 y 


dy 


f oo 

<p(y) 

00 


cosh dy , 3 

- dy 


dJ_ M ™' C o S h 2 y 
Whence, upon combining (100) and (101) we obtain 




cosh dy 
cosh 4 y 


dy. 




cosh 2 y 


dy 


2 f 00 


cosh dy sinh y 
cosh 3 y 


dy 


+ 


and this equation at once gives (99). 


4 .cosh dy 6 r* , cosh dy , 

& 1 . ~ e> 1. cosh . y iv 





Similarly, we may find an analogous form for the integral 




sinh Oy 

cosh 2 y 


dy. 


Thus, for the function/i(0) where/i(r) is defined by (73) we may write 

A® - mu .f r r nA <?.- r) %. r. ® t; - r°° sh ( l? r) - !, -d„i 

cosh-?/ r=o [.r(4— t 2 )(2—r) cosh 4 2 / 

_ 3 /“"cosh 2y _ 3 / T“ dy f°tanh 2 y \ 

" 4 J u, cosh 4 y <UJ ~ 4 \ J_ w cosh 2 y cosh 2 ) 

~ ^Itanh y\* m + j"j Ranh 3 y)Z^j = 2. 


As to the fifth integral of (93) when a = 1, the values of t to be considered 
are as before those for which 0 11' — 1 and for these we have 

|2«-W|" |2 + f|:-.:2 


instead of |2 -f- /| < 2. The reasoning employed in studying the corresponding 
integral when ()<**< 1 can not therefore, be employed. However, if we break 
up the integral in question into that from t = 0 to t — ei plus that from t = ei 
to t = t («i arbitrarily small but > 0) the last of the two integrals thus obtained 
will have the limit, zero as k = go since for the values of t concerned we have 
12« -f- f|' 2 — ci < 2; while the first of the same integrals may be made arbi¬ 
trarily small with «i since by placing 


tank y cosh (2 -f* 0.V cosh (2 + t)y 

cosh 2 y " ^ cosh 2 y ; 


<p(y) - tanh y 


and applying (99) we see that the integral 


r y i \ ( 2 + i)v _ 

+if* * (y) cosh 2 y 


dy 


remains less in absolute value than a constant independent of «i for all values of t 
such that — «i • t * - 0. 

Similarly, when a *= 1 the sixth term of (93) may be neglected in the limit 
as k » oo. 

Thus condition (I),, of Theorem VI, § 55, becomes satisfied in which in the 
present instance we have //» => — .] — § = — 1 (« = 1, a = 0, & = 1). 

Relations (II) fc and (III) 6 of § 55 as well as (II) 6 ' are now readily seen to be 
satisfies! (as in the studies already carried out in connection with (93)) so that 
by virtue of the general theorems of §§ 51-55 we reach in summary the following 
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Theoeem. Iff(x ) remains finite throughout the interval (0, 1) with the possible 
exception of a finite number of points and is such that the integral 

(102) f 1/00 K* 

exists, then the series 

00 

(103) Z (h sin X** 

W-ssl 

in which 

*• “ 2 xTTS?+“i) £ m *• > "’* i ''" + " 1 • 

X n being the nth positive root of the equation 

z cos z + p sin z = 0, 

will converge at any point x (0 < x < 1) in the arbitrarily small neighborhood of 
which f(x) has limited total fluctuation, and the sum will be 

i [/(*-<>)+/<*+0)1- 

Moreover, the convergence to ill be uniform to the limit f(x) throughout any in- 
terval (a r , b') enclosed within a second interml (au b x ) such that 0 < a x < a' < // 
< bi < 1 provided that f(x) is continuous throughout (o', l/) inclusive of the end 
points x = a!, x = b f and has limited total fluctuation throughout (a x , b\). 

Also, if f(x) remains finite throughout the intermit (0, 1) with the possible ex¬ 
ception of a finite number of paints and is such that the integral (102) exists, then 
the series (103) will be summable (r = 1) at any point x (0 < x < 1} at which the 
limits fix — 0), f(x + 0) exist and the sum will be 

I [fix — 0) + /(<** + 0)]. 

Moreover, the summability will be uniform (§ 45) to the limit fix) throughout 
any interval ( ab') such that 0 < a f < V < 1 prodded, that at all ptdnts within 
(a f , V), inclusive of the end points x «* a f , x b\ the function f(x) is etmiintimm , 
Under the same conditions for fix) when considered throughout the wlude interml 
(0,1), the series (103), when considered for the value x » 1, will con verge to the limit 
/(I 0) provided f{x) is of limited total fluctuation in the neighborhood at ike left 

of the point x = 1 and will be summable (r « 1) to the limit f(l — (1) whenever this 
limit exists . 

65. It may be observed that in the excluded ease for which p - — i the 
methods which we have followed may be readily altered ho as to yield corre¬ 
sponding results. In this case the integrand of (85) has a pole at the point 
2 = 0 so that this point should be excluded from the contour C*. Supposing 
this to have been accomplished by means of a small semicircle extending to the 
right of z = 0, we may then take as C n the resulting contour in part rectangular 
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and in part semicircular. If the integrations be now carried out as before over 
the respective portions of C n , that arising from the semicircle will be equal to 
- \r where r represents the residue of the integrand of (85) corresponding to 
the pole x ~ 0. hxeept for this auxiliary term, the reductions are the same as 
before, so that in applying the general theorems of §§ 51-55 we encounter an 
application of the remark (.‘0 in § 56. A similar instance will occur in connec¬ 
tion with the developments in terms of Bessel functions, to which we now turn, 
and in that ease we shall elaborate the consequences at some length, though 
such studies will be omitted for the sake of brevity in connection with the present 
series (105). 


2. The Developments in Terms of Bessel Functions. 

66. As a second application of the general results obtained in §§ 51-55 we 
shall now consider certain developments in terms of the function P„(z) defined 
by the equation 


I'M « 


JM 


where J r {z) represents Bessel’s function of order v. The developments in 
question are closely related to the well known developments for an arbitrary 
function in terms of Bessel functions and at once yield, as we shall show, results 
of considerable generality concerning the summability and convergence of the 
latter. 

For the function /*„(:) as thus defined, we have, when v 4= negative integer, 


IM) 


«/», (i.r S 


l 


(z.rV 2T(y + 1) 


(104) 

while the equation (55) becomes 


(*«0 9 


+ c 


(z*) 4 


2*(*+ 1) 1 2 4 • 21 (y+ l)(r + 2) 


( 




3la *""a7 l ) 


\ dx 

or, placing for brevity PJzr) -• P, 


2“ • 5! (y + l)(r + 2)(y + 3) 


+ zW H P v (zx) = 0 


(105) 


^ + (2 v+l)^+AP = 0. 


Taking n = 0, h *» l, the development (54) in terms of the functions P v (\nX) 
becomes 


(106) 
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where 

(107) 


Qn 


Equations (60) become 


Jo ._.. .... 

rw.HMd* 

Jo 


(108) 


X lv+1 ^l\(k n x) - h'P v (k n x) = 0 when 
x^ — PyiXtX) - hP,(\nX) = 0 when 


x = 0, 

x = 1. 


Of these the first is seen to be satisfied identically for all values of z if we place 
h’ = 0 and assume v > — 1, while the second gives as the equation u{z) =» 0 
(cf. § 64) of the present developments, 

u(z) — z — hP = 0. 


We may therefore apply (64) and write 


or since 


we have 
(109) 


I 


* aP+ l P*(zx)dx 1 


2s 


dPdP 
dx dz 


, <PP " 
dzdx _ 


\£m*\ 


djP = zJP d % P = 2 d*P 
dx x dz’ dzdx ** x dr 1 ’ 


Pa^P^Zx)^ 

Jo 


i r ?, (y _ i p ep _ ?. /, d%p 

2a _ x \ dz ) x dz z dz 1 




s['( 


dPV dP 

_) +m . s+3/ » 




by (105). 

Thus, if h = ± oo so that m(z) becomes simply P„(z), we have 
(110) f^P’Mclx - l (~/\(z) - |«'(X») a 

and, since we then have by (105), 


u"(K) = P/'(X„) _2v+ 1 

«'(X„) P,'(X») ” X» 

it appears that if we wish to apply (77) in the study of the function ip(n, a, t) 
of the present developments we may take at once ^(z) = 1 /a 2 * 4-1 and 0(z) such that 

(111) 6'(z) = 2z 2H ' 1 P(az) f (a + O^P{(a + <)*)d<; P = P r . 

Jo 
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On the other hand, if h be finite so that u(z) = zP'(z) - hP(z), we sha ll 
have by (109) 

012) £s**'I»Mdx = ^ {h(2p + h) + V}. 

Now, we have by (105) 

«'(*) = -/’"(=) + (l - h)P'(z) =-(2p+ h)P>(z) - zP(z), 

u"(z) - - Civ + h)P"(z) - zP'{z) - P(z) « @L±VPJL±J) p,( z) 

21 


Whence, 


so that 


- zP'(s) + (2v + h — l)P(z). 
w'(X„) = — 5 {A(2y + h) + X n 2 }, 

A n 

u"(K) » {h(2r + \){2v +h)+ (2r-l)\*}, 

rl - 2{/t(2 y +A) +V} 

I y >t, /«(X^)do: 

%h 


u"{\ K ) _ 1 A(2j/ -f- 1 )(2y + /t) + (2r - 1)X„ 2 _ 2v + 1 2X» 2 

«'(X„) X7 A(LV+A) + X»* ~ “X~ + h& T'hf+X? * 

Tims, in order to satisfy the conditions relative to \f/(z) in the present case 
we should take it so that 


pis) _ 2v +1 . 2s* 

\H s) = s h{2» + h) + s 2 ' 

I/et us therefore take 

A(2t' + A) 4“ z 2 

y(s) = 


in which ease it apjnmrs that we may take 6(z) as before, viz., such that equation 
(111) is satisfied. 

Now we have from (105) 


a 

a; 


gSH. 


aP(«z) 

dz 


4- t?*+ l o?P(az) = 0 


ith a similar equation obtained by replacing a by a 4- 1- Hence, 
a 4“ 0 3 ” « 3 ]3 31 ' 1 l P(ctz)P {(a 4“ Os} 


. L 

’ dz 


[^ H ( a/, a ( “ 3) P{(« + 02} 


dP[ (fit 4- t)A 

~ dz ~ 


’pw)]- 
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Placing for convenience a + t = /? and letting accents represent differentiation 
with respect to z, we may therefore write 

jT s? v+1 P(az)P(]3z)dz = [F(az)P(0z) ~ P'(fiz)P(pa)] 

so that both when h is finite and when infinite we may take 


(113) 6(z) = 2z 2l,+1 f^lPX^ ~ P'mP(az)]dt. 

Jo P & 


Upon noting the analytic properties of the functions yp(z) corresponding to 
the two above mentioned cases and of the function 6(z), it appears, upon applying 
(77) that the integral (36) of the present developments will be given by the ex¬ 


pression 

(114) 


1 C l $ iv+1 , f P'(az)P(fiz) — P'(fiz)P(az) 

si r=**j a . - m * 


or 


i r* d 2H 

< 115) si (h 


p2v+l 

a 2 


dt 


r h(2v H~ h) -|- z 2 
J c JzP'(z)-hP(z)] 2 


[P'(az)Pm - P'tfz)P(az)]dz 


according as u(z) = P(z) or u(z) = zP'(z) — hP(z). 

It is to be noted also that in the developments (106) we shall have by (110) 
and (112) ^ 

q n = f(x)x 2v+1 P(\ n x)dx 

or 

qn = [h(2v + A) + X„ 2 ]F(X„) X f^ v+1 PMdx 


according as the quantities Xi, X 2 , • • • are the roots of P(z) = 0 or 

zF(z) - hP(z) = 0. 


These results premised, let us now consider the rectangle in the z plane whose 
vertices are the points z = ij, z = k + ij, z = Jc — ij, z = — ij , j being any 
positive quantity arbitrarily large and k being any positive quantity lying be¬ 
tween Xn and Xn+i where Xi, X 2 , • • • represent the successive positive roots of the 
equation P(z) = 0 or zP'(z) — hP(z) = 0 according as we are dealing with (114) 
or (115). Prom the boundary of this rectangle let us exclude the point 2=0 
by means of a small semicircle of radius rj and let us now take the resulting 
contour in part rectangular and in part semicircular as the contour of integration 
O n . 

Now, the function appearing in the integrand of either (114) or (115) is an 
odd function of z and hence the two portions of these integrals extended along 
the y axis mutually destroy each other, while in either case the portion extended 



along the semicircle may be made arbitrarily small with rj unless in (115) we 
have h - 0. In this exceptional case the integrand of (115) has a pole of the 
first order at the point z = 0 and hence, upon applying Cauchy’s integral the¬ 
orem, the value of the contribution to (115) arising from the semicircle in question 
becomes 

- (2a + 2) r fP^dt = a 2H " 2 - 

Jo 

In order to discuss the remaining portions of the integrals (114) and (115) 
we shall now make use of the following established result: 21 

“ Representing by ./„(«) Bessel’s function of order v we shall have when 
v > — l and s has any value except zero whose real part is positive or zero 


,/„(z) = - '7 bS’i(zy (, " !(2, '- W1 ’ 0 - 82 ( 2 ) 0 ' 


iO-K&'-nMir)' 


1 r* / s v -1/2 

>s ' ,(z) = r(v + 1) 1 e v “ 1/2 ( 1 “ 2 ^) ^ 

I /»oe / ^ \v~l/2 

■ S ' <(s> ”iv+;)i e “ v "’”( 1+ 2 .i) *■ 


and where, when |z| is sufficiently large, these expressions Si and 82 may be 
expanded into the forms 


SM _y r(’ + i + ») 1 . + e , . 

4S,W “ .tS V(n + l)l> + l-n) (- 2iz)« + 0lU 

,, , , y I’(" + a + n ) 1 10 / N 

‘ Sa(s) " l’(» + \)V(p + § - «) (2iz)» + ej(z ’ v) ’ 


in which w is any positive integer and in which the expressions 0i(z, v) and 
Oa(s, a) become infinitesimals of order as high as the mth when |z| = °° and, at 
least when v > +• ». j»ossess first derivatives which as |s| = 00 become infinitesi¬ 
mals of order as high as the (m + l)st.” 

Blueing — i r ~ >' * l:i in (11(») we obtain 




Whence, upon expanding and making use of (104), we have 

1 r / 2 v + 1 \ 

aw - + N,W) “ s V - 4~ t ) 

1#) , . I 2,+ l \1 

+ <{&(*) - S*(z)} sm ^z-^—A-J j. 


« Cf. II. Wkiiku, Math. Annalm, Vol. 37 (1890), pp. 404-416. The facts which we shall 
state regarding the derivatives of ©,(*, ») and 0,(x, ») are not explicitly obtained by Wbbbb, but 
follow at once from his analysis. 
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so that by (118) we may write when v > \ and when the real part of z is positive 
(or zero) 

PM = U + < z > v )} cos ( z - ^ 1 ^ 7r ) 

(120) • / 2p + 1 M 

+ f(*i v) sm - 1 —w J J , 

where the functions e(z, v) and £(z, v) become infinitesimals of at least the 
second and first orders respectively as \z \ = <x> and possess first derivatives which 
as [2 [ = 00 become infinitesimals of at least the third and second orders respec¬ 
tively. 

Moreover, by use of the relation P v (z) = (2v + 2 )P v +x(z) — z 2 Py+ 2 (z), we 
may readily show that ( 120 ) holds true for all values of v for which P v (z) has a 
meaning —L e., unless v is a negative integer. 

Furthermore, since P'(z) = — 2 iP v+ 1 (z) we see that unless v is a negative 
integer we may write 

* 7 ( 2 ) = - {1 + v(z, v)} sin (2 - 2pJ [ 1 tt) 

(121) X ' 

+ d(z, V ) COS ^2 — X ) J 

where 17 ( 2 , v) and 0 (z, v) have the properties mentioned above for «(z, v) and 
ffo v ) respectively. 

Equations ( 120 ) and ( 121 ) having been obtained, we return now to the dis¬ 
cussion of (114) and (115) when the indicated integration is extended over 
the portions of C n remaining after removing the semicircle of radius tj and the 
portions of the y axis. Placing for brevity 

__2v+l f2 

a 4 Tf C ~~\ 7r ’ 

we have by ( 120 ) and ( 121 ) for all values of z upon these portions of C n , unless 
a = 0 or /J = 0 , 

Q 

( 122 ) P(az) = (ag)r+0B [{l + e(az)} cos (02 — a) + t(az) sin (az — a)], 


—- Q 

(123) P'(ocz) = [{1 + 17 ( 02 )} sin (az — a) + 0(az) cos (az — a)], 

(124) P(fiz) = [ {1 + e(/3z)} cos (fiz - a) + s [ n (j 3 z _ a )j ; 

(125) P'(pz) = ^p^[{l + i)(]3z)} sin (0z - a) + 6(j3z) cos (8z — a)], 



xjxu v jlo jll\ xjjcjOojcliJU jl 1 uimj jliuino 


1U1 


and, excluding the case in which a = 0, we observe that in applying Theorem I 
of § 51 to the integrals (114) and (115) in question the values of a, t and /3 = a + t 
with which we shall be concerned are such that 

0 < a' < a < b' < 1 , 

— a = t 1 — a, 

0<a'<a^a + p-^l + a<l + b'<2, 

while in applying Theorems YI and VIII of § 55 for the case in which a = 1 , 
we shall have — 1 g / ^ 0 , lSa + j 3 = 2 . 

However, when t — — a we have j3 = a 1 = Oso that expressions (114) 
and (115) cannot be used for all the values of /3 with which we shall be concerned. 
Let us therefore exclude for the present the value t = — a from our investigations, 
treating it later as one of the exceptional values of the type mentioned in remark 
( 1 ) of § 56. Thus, representing by £ an arbitrarily small positive quantity, we 
proceed to study the integrals (114) and (115) for all values of a, t and 0 satis¬ 
fying the relations 

0 < a' < a < b' < 1 , 

(126) -a+^JSl-a, 

0 <a'<a<a+£ = a + j 8 ^ 1 -l-a<l + &'< 2 , 
or 

a — 1, 

(127) -1 + i^^O, 

1 == a -f- /3 = 2. 

From ( 122 ), (123), (124) and (125) we find upon performing the indicated multi¬ 
plications that 

(Q 2 H -1 <? //3 Y +(1,2) 

jgrrp = - zW(/32 {-) 

X [{a[l + e(/9z)][l + r,(az)] - /30(,3z)r(az)) sin (az - a) cos (fiz - a) 

- {/3[1 + e(oz)][l + ij(| 3 z)] - a0(az)f(j3z)} sin ((3z - a) cos (az - a) 

+ {a[l + r,(az)Ycm ~ /3[1 + v(J3z)Y({az)} sin (az - a) sin (/3z - a) 

+ {a[l 4- «(/3z)]0(az) - /3[1 + 6(az)]0(/3z)} cos (az - a) cos (fiz - a)] 

— A / f> \v+(.w> 

— ( " ) [4 sin (az — a) cos (/3z — a) 

z^O ? 2 - a 2 )\aj 

+ B sin (/ 3 z — o) cos (az — a) + C sin (az — a) sin (fiz — a) 

+ D cos (az — a) cos (fiz — a)] 
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_ ~J :_ ( i Y +m) [(A - B ) sin (a - 0)b + (A+ B) sin (a + 0 - 2 a) z 

- 2 ^ 1 (f—o?)\a) 

+ {G+ D) cos (a — 0)z+ (D — C) cos (a + /3 — 2a)z], 

where A, B, C and D are used for brevity to denote the respective coefficients 
given above of sin (az — a) cos (fiz a), etc. 

Now, we may write 

A- B= (a + j8)[l + pi(z)L A + B = (a - /3)[1 + 2>2(a)], 

C+D= (a- $ 2 ) 3 ( 2 ), C — D — (a — 

where, recalling the properties of the functions e(<xz), e($s), etc., we see that for 
all values of a, t and /3 in (126) and (127) and for all values of z now under con¬ 
sideration the functions pi(z), 2 ) 2 ( 2 ), ps(z) and pi(z) are finite and vanish uni¬ 
formly like 1/z 2 , 1/s 2 , 1/z and 1/a respectively as |z| = 00 . We note also that 
these functions may if desired be put in the forms 


f \ ^0 

Pi(») = J. 




£0 

*2 J 


, s do e 0 


Pi(?) 


fo,9o 
z + z 2 


in which d a and / 0 depend only upon a and /3 and are finite for all values of oc 
and jS in (126) and (127) while b Q , c 0 , e 0 and g 0 depend also upon z but for all 
values of a and j 3 under consideration and for all values of z under consideration 
and such that |z| > Q = constant, are less in absolute value than certain con¬ 
stants independent of a, and z. For the same values of z we have also 


P(2) = 


C 

z v+(l/2) 


[1 + e(z)][cos (z — a) + co(z) sin (z — a)] 


zP'( 2 ) - h,P(z) = 2 ^o)[^l + i?(z) + ~ ?(z) J [sin (z - a) + <o(z) cos (z — a)], 
where 


a(z) = 


m 

l + e(z)’ 


m + -Ai + <z)] 

S(Z)= --T-. 

1 + »?(2) + - f(2) 

<0 


Whence, upon recalling that a — /} = — t, we see that whether we are dealing 
with (114) or (115), the portions of the integral arising from the part C n r of C n 
now under discussion will be of the form 


2iri 


KTH 1 - * 

i _L f/^Y +(1/2) ' 

+ 2iriJ 0 \a/ 


+ # 1 ( 2 ) sin tz 


t 


dz 


a + |8 


I ~ 

JCLf 


sin [(a + 18 )z — 2a] 

E 2 


dz 



(128) 


+ 

+ 


.L f ( £ \ Hm -JL f ?*(*) sin [(“ + 0) 2 — 2 a] , 

twiX W « + (3 J, v ~ dz 

1 r'/ftynm dt r q^costz, 

2 rij. \«) a + p] v V? * 

* rm H<i/s> ——. r c ° s ^^2a] 

27r/./ tl \«/ « + /Uc„' . ~. ' 


where the functions 71 ( 3 ), </z(z), < 73 ( 2 ) and 74 ( 3 ) (like the functions pi(z), pz(z), 
etc.) may he put into the forms /q/s 5 ®, ci/ 2 2 , di/z + ei/z 2 and fifz + fl'i/z 2 respec¬ 
tively and where 


( 120 ) 


/<; as cos (2 — «) -}- w(s) sin (a — a), 
/■,' =~ sin (s —■ «) + a>(s) cos (s — a), 


according ns we are dealing with (114) or (115). 

Considering first the portion of consisting of one. of the lines parallel to 
the x axis, we readily obtain ns in § (14 the fact that for all values of a, (i and t 
in (l2(1) each of the integrals in (12S) when extended over the line in question 
approaehes uniformly the limit aero as j ** 00 . Thus we have merely to con¬ 
sider ( 128 ) in which s k j- /;/ and is understood to extend from y = — 00 
to y ~ •}■ <» along the line 3 k + hj. 

Now, from the manner in which k is to he chosen, we see from (129) that we 
may take k nr 4 <1 or k ■ mr /2 4 " «; in ~ [loriim integer) according as we 
are dealing with t 111) or (J 15). In either case, equations (129) are such that 


l 

/v 


y 

1 + ■ tanh y + 

3 


8 

5 ’ 

m 


when 1 7 is iudejH'udent of z while 8 depends upon z but has a modulus which for 
all values of 5 under consideration is less than a certain quantity M. 

Thus, (128) may he written in the form 


1 r/fiY ", r ( 7 , . }>t\ sin tz , 

~ir.lu U '"J ,(’ * = " ,, ‘ hf ' + =»)*«»lev* 


.’S)" 11 -; - ”* 


“ '.'..('a. 

4- ( s” + ^) cos ~ 2a ^} 

where b% lias the projR'rties menthmed above of bi. 


<ly _ 
cosh 2 y 1 


Considering first the terms of (130) which have z~ in their denominator, we 
have but to refer to the discussion of similar terms in (89) in order to see that 
for all values of a, P and t in (126) these terms have uniformly the limit zero when 
k = oo. The same is true also of the term 


rv/3 y +0/2) ~y lt - r cm tz 

Jo \oeJ a + P J_oo z <‘(>sh 2 y 

since we have cos tz = cos tk cosh ty — i sin tk sinli ty and we know that when 
|<| < 1 (as is the case in (126)) the integrals 

r c °t‘ v 4, 

cosh- y J ’ J_ M coslr y 

have a meaning. 

Thus, (130) reduces to 


i r‘/'ey +( - m , r x / , y , \ sinfe , 


<-> ^rcr.?, 

i_ r‘(i sy +<1/2) ef r 
2ir J 0 \aj a+ pj.. 


a 


r 

1 + tanh // 


\ sin [(cv 4”’ ft 
) mslr 


(i)z< 

(Ksh a a 


dy 


’cos [(« + p)z — 2 n| 
, s cosh 2 y 


dy -{■ A(o;, /, k), 


where e/ depends only upon a, ft and t and is finite for all values of these quan¬ 
tities in (126) and where A (a, t, k) and also r/A (or, t, k) jdt depends upon «, ft, 
t and z but when considered for all values of a, ft and t in ( 120 ) may he made 
(uniformly) as small as we please in absolute value by taking k sufficiently large. 

Upon placing z= k + iy and recalling the values which k may assume; 
also placing for convenience a + p *= 2 — r and dropping those integrals which 
vanish identically since they are relative to odd functions of y, we thus obtain 
(131) in the form 


~ f ‘ ( ^ Y +(1,2,s * n f °° C0M ^ & i 

2 tJ 0 \aj t cosh 8 y 1 ^ 


(132) 


+ 


*'+(1/2) gj n ^ 

t 

yi r l /5 Y +<,/8, sin kt r K y tanh y cosh ty 

J^(k» + tf)eoHh*y dy 

k tanh y sinh ty 


2 i r 

7 i 
2ir 


m 
m 

J- f (*) 

if (g) 

r v2(1—a) \<X/ 


<m pm 

cob Hit I 
v+m mi hr 




dy 


m yi 
2 t 


a + p 

*' +(l/2) sin hr 

« + j5 


dr 


L 


’ cosh (a + p)y 
, cosh* y 


dy 


dr 


r y tanh y cosh (« + p)y , 

P + y* - ( ^ 


cosh 2 y 
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-.yJ: f r (§ 

2^ J-2Ci- a) \a 

: l f r (£Y 


Y +(1,2) cos hr 

) a + /3 


dr 


/»00 

tJ—QO 


Jc _tanh y sinh (a + 


h + y 2 


cosh 2 y 


dy 


+m ’ C05kT 


o i \'~z dr 

a + j 8 


r*00 

«/ —00 


ZT 


r m 

J'M 1-a) \^/ 


V+C1,2) , sin Ict 

« + /? 


A; cosh ( a + P)y 
(h + y 2 ) cosh 2 y 

sin h (a + /?)t/ 


dy 




the upper or lower sign being taken according as we are dealing with (114) or (115). 

The expression (132) may, moreover, be used to determine the value of the 
integrals (114) and (115) corresponding to the case a = 1 . In fact, when a = 1 
and £1 and t are confined by (127) we readily see that each term of (132) con¬ 
tinues to have a meaning. 

From the properties already found of the integrals in ( 93 ) it now appears that 
the. second, third, fifth, sixth, seventh and eighth integrals of (132) when con¬ 
sidered for all values of a, /3 and t in (126) or (127) have uniformly the limit 
zero as k = oo, while if we treat the first integral as we treated the first integral 
of (93), remembering here that lim (fi/a) y+< ^ i) = 1 , we find that when h = oo this 

ism 0 

integral behaves precisely as the indicated integral of ( 93 )— i. e., approaches the 
limit l or — .} according as t > 0 or t < — 0 . 

Similarly, the integral 


1 C T (£ Y +<1/2) sin hr 7 * 00 cosh (a + /3 )y , 

2rJ Ml .. a) \aJ a + fi Cr J_ K cosh 2 y y ’ 

like the fourth integral of (93), has uniformly the limit zero if a' < a. < b' while 
if or ~ l it has the limit |. 

Whence*, if we are dealing with values of a, /3 and t satisfying (126), the ex¬ 
pression (132) converges uniformly to the limit J or — J when Jc — oo according 
as t > 0 or t < — 0, while if a = 1 and /3 and t have values consistent with 
(127) the same expression has the limit 0 or 1 according as we are dealing with 
(114) or (115). 

Thus, exception being made of the case h = 0 in the integral (115), the inte¬ 
grals (114) and (115) satisfy relation (I) of Theorem I, § 51 provided, however, 
that t has only those values for which — a+£^fsll — a; £ > 0. More¬ 
over, when a =* 1 , relation (I)& of Theorem VI, § 55 is satisfied for the same 
values of t and in this relation we have in the present instance Gt, = 0 or 6% = 1 
according as we are dealing with (114) or (115). 

Again, if h = 0 in (115) the limit approached by this expression as h = <» 
(«'<«< V) will be | + (a 2 * 4 * - P'**) or -$+ (a 2 ^ 2 - P 2 **) according as 
t > 0 or t < 0 , it being understood as before that - a+ fSlSl-a. 

Likewise, if a = 1 , other conditions remaining the same, the limit approached 
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by (115) as k = °o will be — 1 + (a 2,,+2 — /3 2l,+2 ). In both the cases which thus 
arise when A = 0 we evidently meet with an ‘application of the third general 
remark of § 56 and we shall make this application presently. 

Turning to the other relations of Theorems I and VI of §§ 51 and 55, we see 
that in the present developments the function <p(n, a, t ) is equal to 

1 r +1 rP'(az)P(0z)-P'(0z)P(az) 

< 133 > -i*w'.* 

in the case of (114) while for (115) the same function reduces to 


(134) 
or 

(135) 


i_ <3 2i/+1 r 
2 v 0 2 — a 2 J c t 


A( 2 v + A) +z 2 

^'(zT-AP(s)] # 


[P'(az)P(0z) - P'(0z)P(az)]dz 


(2v + 2 ) 0 2r+1 + 


JL J 32 ’" 1 ' 1 

2tt 0 2 


; 2 H-I /» 

- Jcy 


P'(ccz)P(0z) - Pd3z)P'(.az) 

. 


according as A 4 = 0 or A = 0 . 

Now, for values of a, £ and < in (12G) we may transform (132), (134) and 
(135) by use of expressions (122), (123), (124) and (125) and thus we find that, 
exception being made of the term — {2v + 2)/3 2 ’" M in (135), these expressions 
all reduce to the sum of the derivatives with respect to t of the expression (132). 
From this it follows directly upon using the lemmas of the Appendix that the 
above expressions satisfy relations II and III of Theorem I, § 51; also that 
when a = 1 conditions (II )6 and (III)t, of Theorem VI of § 55 are satisfied, 
it being understood throughout as before that we are dealing only with values 
of t such that -a+(St<l-a;(> 0 . 

Moreover, if we affect each of the terms of (132) by the operation 


understanding that absolute values are taken under the various integral signs, 
it appears as in the study of (93) that when — a + £ Zl t Z~. 1 — a (£ > 0) 
relation (II)' of § 52 is satisfied, as also (II) t' (b = 1) of § 55. 

It remains, then, merely to consider the integrals (114) and (115) when t 
takes values such that - a£fS-a+( (£ > 0) and for this it becomes 
necessary, as already noted, to use some other expressions for P(/3z) and P'ifiz) 
than (124) and (125), since 0 now takes values indefinitely near to zero. 

Considering, then, that t = — a is one of the exceptional points of the type 
mentioned in remark (1) of § 56 it will now suffice for the application of Theorems 
I, II, VI and VIII of §§ 51-55 that such additional conditions be placed upon /(a:) 
that when either of the expressions (133), (134) or (135) is multiplied by/(a + t) 
the absolute value of the product, when considered for values of t such that 
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XOi 


-aSi = -a + J and for all values of n, may be made uniformly small with £, 
this being true when a' < a < V and when a = 1 . 

Let us now divide C n ' into two portions C n " and C n '" the first of these com¬ 
prising that portion of the line z—h + iy for which |y|< 17, where 17 is an 
arbitrarily small positive quantity and the second comprising all other portions 
of C«'. 

As regards the expressions ( 133 ), ( 134 ) and ( 135 ) when the integration is 
performed over C n ", we have but to make use of the well known formula 




f ir 

sin 2 " <p cos (z cos <p)d<p ; 


s 


to see that when |/3|< £ the same expressions ((!„' now replaced by C n ") are 
each of the form ft-" u G(a, ft, n, £, r?) where G(a, ft, n, £, 77) is less in absolute 
value than a constant independent of a, ft and n. 

In order to study the same expressions when the integration is performed over 
C n "' we first make the following observations: 

Let us write (120) in the form 


( 130 ) 





2v+l \ 
4 *) 

a H 0/2) 


A(z, v), 


so 


that 


d(z, v) - {1 + «(z, v )} + f(z, v) tan 


( 2v + 1 \ 

4 


For all values of s (real part > 0 ) lying upon 0 n '" and of modulus greater 
than some fixed value z 0 > 0 we see that A(z, v) remains less in absolute value 
than a constant M\. Moreover, if v (v 4 = neg. integer) has any value except 
one of the form .}(! db ’in); n = 0, 1, 2, 3, - • the same expression when con¬ 
sidered for values of z (real or complex) as near to zero as we please remains 
less in absolute value than a constant ilf 2 provided v is In fact, it appears 
from (13(i) that as z = 0, A (3, v) will tend to zero like z" +(1/2) , since from (104) we 
have 


lim P„(z) = 

>=0 


1 

2T(v+ 1) ’ 


v > - 1. 


Whence, if v has any value 1' — ! except one of the form §( 4 ra + 1); » = 0, 
1, 2, • • •, we may write for all values of z upon C n '” 


cos I z 


/ 2^+1 \ 

V -4 / 


B{z, v), 


P r (z) — gH-(l/2) 

where B(z, v ) remains less in absolute value than a constant (independent of z). 



Similarly, if v has any value > — J except one of the form |(4«. — 1); n = 0, 
1 ,2, • • •, we may write for all values of z upon C n ' n 


PM = 



2 v + 1 \ 

"IT-*) 




1M p) 


where B(z, v) has the properties just mentioned. 

It follows that for all values of z (real part > 0) upon and for all values 
however small of the positive quantity /3 we'may write, provided v - — \ 


(137) 


or 


(138) 


p.m 


p*m 


(„ 2 r+l \ 

coB^/fej 


im, p) 


sin ^z 


2 v -|~ 1 \ 

4 r ) 

(p-yiim 


p). 


where for the indicated values of z and (i the expression //(ffc, v) remains less 
in absolute value than a constant independent, of both /f and s and where the 
first form can be used in all cases except when v J(4n 4- 1); ti 0, 1, 2, • • 

while the second form can be used in all eases except when v \{An — 1); 

»= 0 , 1 , 2 , •••. 

By means of the relation 


p;m «. -p-zP r}l m 

we now obtain, as formula; corresponding to (137) and (13S), 

■ (u 2^+1 \ 

sm I ftz — .?r J 

1 » (fts) *= //(/la, v), 

(139) 

( 2v -f” l \ 

COS (/Us- , 7T J 

1 * (f}z) = pt-Cl/SJgtOU/n) //(//a, t>), 

where B(fiz, v) has the properties given in connection with (137) and (13K) and 
where the first or else the second formula (and in general both) can be used for 
any given value of v 

Now, if we use in (133), (134) and (135) the forms (137), (13S) and (13U) 
(thus confining ourselves to an integration over (.'/") we find as before that 
by taking j — co the complex integrals become simply those arising when, in¬ 
stead of C n , we take as path of integration the line s /,• f- it/, it being under¬ 
stood that the integration now consists of that from y « — «c to y =*> - r/ 



together with that from y = v to y = ». This statement, as in the former case, 
is seen to be true either when a' < a < V or a = 1 . The resulting complex 
integrals thus take a form analogous to (132) involving real integrals of the form 

jsruw ( f x +J v ) Hy)dy, plm ( jTJ + ) Hit)dy, 

pn om a: + f) <Pi(y)dy, 

where the expressions <pi(y), Hy) and tp z (y) are functions of k, a, $ and y in 
each of which the numerator contains, besides factors whose modulus is always 
less than a constant, terms in each of which appears one of the factors sinh ay, 
cosh ay while the denominator contains cosh 2 y. Thus the integrals in question 
(aside from the factor 0~ V_<1/S) appearing on the outside) are always less in absolute 
value than a const ant independent of a, (} and k, it being understood throughout 
that «' < a < 1/ or a = 1 and |/3| < £. 

Thus the expressions (104), (105) and ( 100 ) when considered for values of 0 
such that |/21 < £ arc of the form /3 l ' +tw H(a, fi, n ) where II(a, j 8 , n) is less in 
absolute value than a constant independent of a, /3 and n. 

It follows therefore (considering the forms which we have now obtained for 
the expressions (133), (134) and (135) when the indicated integration is performed 
either over f'„" or (\ ,n ) that we shall be able to apply Theorems X, II, VI and 
VIII of §§51 55 to the present developments if we demand (in addition to 
the conditions placed upon/(.r) in the same theorems) that the function (1/,) 

be integrahle in the neighborhood at the right of the point j 8 = 0 , it being under¬ 
stood also that v > — f. In other words, we need merely make the additional 
demand that x" >ar: 'f(x) be integrahle in the neighborhood at the right of the 
point x 0 . 

Upon applying Theorems I, II, VI and VII of §§51-55 and remarks ( 1 ) 
and (3) of § 5(5 we thus arrive in summary at the following result: 

“ If f(x) remains finite throughout the interval (0, 1) with the possible ex¬ 
ception of a finite number of jx>ints and is such that the integrals 

(140) f x > HVS '\/(x) Jr/jr, ( |/(x)|rfj-, t arbitrarily small and positive, 

Jo J* 

exist and if /’„(s) be the function defined for all values of z and for v > — 1 by 
the equation (104), then each of the three series: 

00 

#.ai 

(2* + 2) f jP+ l f(x)dx + E ?n'F,(Vx), 


lbU 


DXJMMA.BIJUITX Ui? i'uuxumi 


00 




in which X„, K' and X»" represent respectively the nth positive roots of the 
equations 

P y (z) = o, P,'(z) = 0, zP„'(z) - APk(z) = 0; A - C0«.vhi?;i + 0 


and in which 

? . = pT^X'*”■■/(*) 

s "'"F(x/T’X 


?» 


2X„ 


//2 


{A(2v + A) 4- X»" 2 }P„(Xn") 


f' x^’ 1 l J(x)l\{\ n ' , x)tlx 

r Jo 


will converge provided v i£ — J at any point x (0 < x < l) in the arbitrarily 
fimfl.ll neighborhood of which /(x) has limited total fluctuation, and the sum 


will be 

■i [/(•*-<>)+/(•>•+ <»!• 


Moreover, the convergence will he uniform to the limit /(x) throughout any 
interval (o', 6') enclosed within a second interval («t, In) such that 0 < tii < a' 
< V < bi < 1 provided /(x) is continuous throughout, (o', //) inclusive of the 
end points x = o', x = b' and has limited total fluctuation throughout («», />j). 

Also, if f(x) remains finite throughout the. interval (0, 1) with the possible 
exception of a finite number of points and is such that the integrals (MU) exist, 
then each of the three series above (v — h )will be summable (r 1) at any 
point x (0 < x < 1) at which the limits /(x — 0), /(x -{- 0) exist and the sum 
will be 

4 [/(x - U) +/(x + 0)1. 


Moreover, the summability will be uniform to the limit/(x) throughout any 
interval (a', V) such that 0 < a' < i»' < l provided that at all points within 
(a', V) inclusive of the end points x = a', x = b' the function/(x) is continuous. 

Under the same conditions for f(x) when considered throughout the whole 
interval (0, 1) the three series (v — |), when considered for the value x 1, 
will converge to the respective limits 0, /(I — 0) and /(l — 0) provided that 
/(x) is of limited total fluctuation in the neighborhood at the left of the point 
x = 1. 

The same series when considered for the value x ** 1 will he summable to the 
respective limits 0, /(I - 0) and /(I - 0) whenever/(I - 0) exists.” 

67. If we now introduce Bessel functions into this result through the relation 


P v (z) *= zMM and then apply the theorem to the function x~ v f{x) instead of 
f(x) we obtain the following!:: 

I iikoukm. If /(.r) remains finite, throughout the internal (0,1) with the 'possible 
exception, of u finite number of points ami is such that the integrals 

(bit) x* ]/(x) |d.r, j \f(x) | r/x; « = arbitrarily small positive constant 

exist and if ./,(=) be Itessrl’s function of the first kind of order v then each of the 
three series 

8ft 

H'lJviKx), 


(LV +2) T p^f{x)dx + £ qn'J.tfin'x), 

•/f) n^t 

m 

Z‘ln"'U\ n "x), 

n I 

in which X*. X„' and X„" represent respectively the nth poxitim roots of the equations 


and in which 


dfz) 0, 

(“ ”./»<-)) =.//(=) - vJM - o, 

rd,'{••) (h ! v)J r (z) ~ 0, h *» constant, + 0, 
2 /** 

Hn ; t *i\ I xf{x)J ¥ 0 i nX)dx f 

¥ lA*t I «Jti 

2 r 1 

■ ■■■ # # v * i*2 f •Kfi^d ¥ 

** p l Aft | * /1| 


2X«" 3 


<h 


I h{2v )• h) b X»" 3 j„/ r (X„") 3 


, f t xf(r)J,(\ n ”x)dx 


mil etmwrge jimmied v > — | ut any jaunt x (0 < x < 1) m the arbitrarily small 
ncighlmrlmid of which fix) hm limited total fluctuation, and the sum will be 


U fix-l))+f(x+ ())}. 

Aforeorrr, the conrctgcncc will be uniform to the limit f(x) throughout any interval 
(a\ fi # ) enclosed within n second interval («i» b\) such that 0 < a% < a* < V < < 1 

prodded fix) is cant imams throughout (a\ //) inclusive of the end points x = a', 
x 1/ fiiiil In# limited total fluctuation throughout (tiu b\). 

Also* if fix) remains finite throughout the interval ((), 1) with the possible ex¬ 
ec jd ion of a finite number of jmhits and is such that the integrals (141) exist, then 

12 
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each of the three series above (v > — i) mil be summable (r = 1) at any point x 
(0 < x < 1) at which the limits fix - 0 ),/(* + 0) exist and the sum mil be 

f [f( x ~ 0) + f(x + 0)]. 

Moreover, the summabUity will be uniform (§ 45) to the limit f(x) throughout 
any interval (o', b') such that 0 < a' < b' < 1 provided that at all points within 
{a', b') inclusive of the end points x = a', x = b' the function f(x) is continuous. 

Under the same conditions for f(x) when considered throughout the whole interval 
(0,1), the three series, when considered for the value x—1 will converge to the 
respective limits 0, /(I - 0) and /(I - 0) provided that f(x) is of limited total 
fluctuation in the neighborhood at the left of the point x 1. 

The same series when considered for the value x — 1 will be summable (r — 1) 
to the respective limits 0, /(I — 0) and f(l 0) whenever /(I 0) exists, it being 

always assumed that the integrals (141) exist. 22 

3. The Developments in Terms of Legendre Functions. 

68. We proceed to consider the well known development 
» 2n 4- 1 r 1 

(142) f(x) — J2q n X n (x); q n = s I f( x )%n{x)dx, 

n~ 0 * l 

in which X n (x) represents the polynomial of Legendre (Zonal Harmonic) of order 
n. In the notation of § 60 we here have a development of the form (54) in which 
H(z, x) = X I (x), a = — 1, b = 1 and in which equation (53) becomes 

Moreover,, since z is to take only integral values, the equation uiz) = 0 must 

»It may be noted that our results, in so far as they concern convergence at a special point 
x (0 < x < 1), are not in entire accord with those of Dini (“Serie di Fourier," pp. 266-269). 
In fact, instead of the existence of the first of the integrals (141) Dini requires that \f(x) 
where p is the greater of the two numbers v, |, shall be integrable in the neighborhood at the right 
of the point x = 0. This discrepancy is due chiefly to a slight error occurring in formula (95), 
p. 237 of Dini’s work, the last term of which should contain under the integral sign e-r r %v-~i-n 
instead of e~ T r v ~%~ n , as appears from the analysis on p. 237. If this formula (95) be altered 
as just indicated and resulting changes be made on pp. 242, 243, 265-269, we are led to the above 
theorem. This same theorem, so far as it concerns convergence, is in accord with the results 
published in recent years by Hobson ( Proc. London Math. Soc., Yol. 7 (1908), pp. 359-388), 
while, as regards summability, the theorem is in accord with the results of C. N. Moore (Trans. 
Am. Math. Soc., Vol. 10 (1909), p. 428). 

It may also be remarked at this point that, except in the study of uniform convergence, 
the results published of late years by Hobson and* others respecting the convergence of Fourier 
series and other developments in terms of special normal functions were originally obtained 
rigorously for the first time by Dini— a fact apparently not well understood. See, however^ 
Nielson, “Handbuch der Theorie der Cylinderfuhktionen,’’ p. 353. 



here be regarded as given in advance and may be taken for example as 

n(z) = sin m = 0. 

Furthermore, we have in the present instance K(x) = 1 - a; 2 so that equations 
(<i0) become satisfied identically by taking V = 0, h - 0. However, since 
A(± 1) -■ 0 it follows that the general formulas of §61 for the determination 
of the integral (:$<>) corresponding to the present development cannot be used. 
It becomes necessary, therefore, in order to ascertain whether this integral satis¬ 
fies the conditions of the fundamental Theorem I, § 51 , to proceed independently 
of aueh formula*. 

Now, the integral (:$0) here becomes 

0 '^) f f( n * t)(U — l (2 n + l)X n (pt) f X n (a + t)dt } 

and hence also 

(1 hi) <r(«, «, 0 - l E ( 2 » + 1 )X n (a)X ri (a + t). 

n H 

We proceed to show that the three relations of the general Theorem I of § 51 
are satisfied in the present instance, it being understood that we here have 
<*-■■-1,6 l. 

The values of a and ( with which we are concerned are such that 


1 < a' * tv *: 1/ < l, 
— 1 - a 4" t 1. 


We may therefore place a cos 0 \ a 4 - / = cos 9 in which case we have, as is 
well known, 3:1 

1 /**« 

(M5) ,V»(eos 6)X„(i‘oa O') = () I A'„(cos y)d<p. 


where cos 7 <= cos 9 cos O' + sin 0 sin 9' eos (<p — <p'), it being understood that 
( 6 , ip ) and (<?', y?') thus represent the polar spherical coordinates of two points 
M, M' on t he unit sphere, while 7 represents the spherical distance between the 
same points. 

Thus we may write 

| y>(«, or, t)dt *= — } E (2» 4" 1) f sin ddd f AT»(cos 7 )d<p 

J 11 Jr J 0 


or, m nee 

» If dXn , dXn+i 1 

(HO) i)A.(ciw 7 ) » - si „ T j d -+ dy - j. 


11 C’f, for example, Twhh’ntkb's “Treatise on lApl&ec’s Functions, Lamp’s Functions, etc.” 
(Ixmdon, 1875), § 170. 



we have 

( 147 ) I <p(n, a , t)dt 



sin ddd 



dXn 

dy 


dJi n-f-1 

- 1 " dy~ 


dip 

sin y * 


Whence, if we denote by da the element of spherical surface and observe that 
dd is negative when t is positive (i. e., when 0 < 0'), while dd is positive when t is 
negative, we may write 


( 148 ) 



da 

sin y 9 


in which the upper or lower sign is to be taken according as t is positive or nega¬ 
tive and where it is understood that the integration is extended over the zone 
lying between the parallels 0 = 0' and 0=0. 

Let us now choose a new coordinate system (7, -$) such that the fixed point 
M f 3* (0', <p f ) becomes the point 7 = 0 , while the great circle through M f tangent 
to the circle 0=0' determines the points for which \[/ = 0. Then da = sin ydydrf/ 
so that if we represent by 7i(0') the value of 7 pertaining to the point upon 
the circle 0=0' having the (variable) coordinate \[/ and agree to place for con¬ 
venience Y n (cos 7) = X n (cos 7) + A r nH -i(oos 7), wo may put the equation ( 148 ) 
into the form 


£ <p(n, a, t)dt = =F-^jf T*(cos y)]^ 1 # =fc /»(<)” 

in which 0 = 0, h = r or g = w, h = 2t according as a S 0 or a < 0 (0' * I ?r/2 
or 0 ' > 7r/2) and in which I n (t) is defined in one of two ways as follows: 

(a) If 0 < 0' or 0 £ 7T - 0', 

(149) m = £ j[^T»(cos T)]?1V^ 

in which c and ir — c represent the two values of f determined by the planes of 
the two great circles through the point 7 = 0 tangent to the circle 0=9 and in 
which 7 j( 0) and 73(6) represent the two values of 7 pertaining to the points upon 
the circle 0=0 having the common coordinate 4 '- 

(b) If 0 ' < 0 < 7 T - 0 ', 

1 r 2 * 

(150) I n (t) = ^ J o Fn(cos 7 j(fl))#, 

in which 73(0) represents the value of 7 pertaining to the point upon the circle 
9=0 having the coordinate 4 *. 

Upon writing 

IT* (cos 7)]?=o° + Tn(cos 7)37-0 - [F„(cos 7)1 y=v.(*') 

24 We here employ the common notation [/(»)]!-« - /(&) — /(a). 



and observing that r„(cos 0 ) = 2, Y n ( cos r r) = 0, we thus obtain 

(l ,r> l) < P^ n > a ’ fydt — ± I =F ^ J y„(cos 71 (d'))dip ± I n (t). 

In order to show that relation (I) of § 51 is satisfied it therefore suffices to 
show that for all values of a and t such that 

( 1 J 52 ) \ , 

or eiig 1 — a (e>0) 

the last, two terms of ( 151 ) converge (n = «) uniformly to zero. In doing this 
we shall make use of the following two fundamental results respecting FJcos 7): 

(A) For values of 7 in any interval such that 0 < — % < tt the 

expression l' n (eos 7) converges (n = °°) uniformly to zero. 

( li ) For all values of n we have uniformly lim F„(cos 7) = 0— i. e., corre- 

7=S7r-—0 

sponding to an arbitrarily small positive quantity <x, one may determine a second 
positive quantity f independent of n and such that | 7 „(cos 7) | < <r when 

7T — f = 7 S§ 7T. 

The proof of (A) follows directly from the well-known fact 25 that X n (cos 7) 
satisfies the indicated relation, while the proof of ( B ) may be supplied as follows: 
From the formula 2 ® 


Xn(-r) ~~ f [r + Vj: 2 — 1 cos <p] n d<p; 
re Jo 

we have 

}’„(x) f 11 -f x + — 1 cos <p][x + Va: 2 — 1 cos <p] n d<p. 

re Jo 

Whence, 

I Y„(x) I * f 11 + x + V-t 2 — 1 cos <p\dip Si 11 + x | + Vl — x 2 , 
re Jo 

so that for all values of n we have uniformly 

lim Y n (x) « 0 or lim y„(cos 7) = 0 . 

,jr , S | tl 7 =tr~0 

Results (. !) and (/#) being premised, we now turn to the second term appearing 
on the right in ( 151 ) (which term, except for the sign =F, is independent of t, 
lmt depends upon a). U‘t us first confine ourselves to values of a which are 
positive (0 < « < //). For such a value of a the term in question has the form 

=F }■ f y»(eos 71)#; 71 = 7 i(^ 0 - 

•ire Jo 

*»(’f. fur example, FkjAu, Math. Anruden, Vol. 67 (1909), p. 103. 

* Cf, for example, Hvkui.y'h “ Fourier Scries, etc., p. 166. 
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( 153 ) 


Omitting the factor =F l/ 4 x, let us write this in the form 

n />ir /2—ij /•ir/2+>, 

y„(cos7i)#+ r»(cosYi)#+ I T„(cos 71)# 

Jo Jtj 

rv-r} f*rr 

+ I F»(cos 71)# + I F»(cos 7 i)#> 

j?r /2-f 17 J-rr^f) 


where 17 is an arbitrarily chosen, small, positive quantity. 

Since | 7 n (cos 71) | ^ 2 whatever the values of n and 71, the first, third and 
last terms here appearing may be made arbitrarily small in absolute value with a 
proper choice of 17, this being true not only for special values of n and a, but uni¬ 
formly for all values of a such as we are considering and for all values of n. After 
ri has once been chosen, the values of 71 which enter into the second and fourth 
terms under the sign of integration are seen (upon reference to the unit sphere) 
to always be such that 0 < 171 ^ 71 = w — 171 < x where r} X depends only 
upon 17. From result ( A) it follows that the same terms approach uniformly 
(0 < a < b') the limit zero as n = 00 . 

Thus the second term of ( 151 ) comes to have the properties desired. 

We proceed to examine the properties of the last term in ( 151 )—i. <>., of flic 
expression I„(t). Since t is confined by relations ( 152 ), the angle 9 never approaches 
(as t varies) nearer to 6 1 (regarded as fixed with a) than some positive quantity k 
which, if taken small enough, will be independent of both a and t. With k thus 
chosen, it now suffices to show that for all circles 6 such that either 0 < 9 < 6 ' — k 
or 6 ' + k< 6 < ir the expression I n (t) converges (n = 00) uniformly to zero. 
In showing this we shall find it convenient to divide these circles into three 
classes as follows: 

(a) 0 < 6 < 9 ' — k, 


( b ) 9 ' + k < 9 < x - 9 ', 


(c) x —■ 9 ' < 6 < it. 

Also, we shall assume for the present (as above) that 9 ' < x/2 ( a > 0 ). 

First, for the circles (a) we have I n (t) defined by ( 149 ) in which 72 ( 9 ) and 
7 3 (0) are such that k S 72 ^ x/2, k Si 73 2 26 ' — k < x, while c lies between 
fixed limits dependent only upon e (as again appears after noting the significance 
of the various letters upon the unit sphere). Whence, by result (A) we reach the 
desired result for the circles (a). 

As regards the circles (b), let us divide these into two sub-classes as follows: 
(b)' ir — 9 ' — 17 < 6 < x — 9 ', 

(b)" 9 '+ k< 9 < x - 9 ' - 77, 
where 17 represents an arbitrarily small positive quantity. 
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For the circles (&)' wc have l n {t) defined by ( 150 ), which may be written in 
the form 

1 r*" l “ 1 /'Sir-* 

(154) 4 tJ„„ Yn(C0S ys)dxp + 4'; I F n (cos y 3 )df, 

“<*> ^Tr-J-co 

where w represents an arbitrarily small positive quantity. Now, by choosing rj 
and w each suflieiently small, all the values of y 3 entering into the first term of 
( 154 ) may be brought, as near as we please to w, so that in view of result (B), 
we conclude that the first term of ( 154 ) may be made arbitrarily small in absolute 
value by taking rj and w suflieiently small and that this is true uniformly for all 
values of n. With rj and a once fixed, wc now observe that the values of y 3 
entering into the second term of ( 154 ), when considered for the circles (6)', never 
approach nearer to ir than a fixed value independent of 8 , while the same values 
of 7a remain different by as much as k from 0. Hence, for reasons already stated 
in connection with the circles («), the second term of ( 154 ), when considered for 
the circles (/>)' approaches uniformly the limit 0. 

With t] fixed as above, let us now consider the circles ( b)". Here again we 
have the form ( 150 ) for /„(/), hut the values of 73 never approach nearer to t 
than a certain positive value independent of 8, nor nearer to zero than k, so 
that, as before we see that uniform convergence is present. In summary, the 
expression I„(t) has the desired properties for all the circles ( b ). 

We turn lastly to the circles (r). Let us divide these into two sub-classes as 
follows: 

(e)' T — 8' < 8 7T — 8' + (1, 

{<■)" T — 8 ' H“ JU 8 < TT, 

where ju represents an arbitrarily small positive constant. For the circles (c)' 
we have I„(t) defined by (bJU) and by taking ju sufficiently small the values of 73 
pertaining to these eireles (<■)' may he made to differ by as little as we please 
from v. At the same time, however small p be taken, we have 72 S ft > 0 . 
Whence, using result (//), we see as before that if v be any preassigned arbi¬ 
trarily small positive quantity, we may Like g so small that for all the circles 
(e)' we shall have uniformly j */„(/) | < v. With ja thus chosen, let us consider the 
resulting eireles (<•)". Here again we are to use the form ( 149 ), but the values 
of 7» and 73 which enter lie between assignable limits m, n such that m > 0, 
< x {111 * - x, 11 TT — fx). Hence, for the circles (c) 7/ the expression J»(f) 
has the desired projierties, and in summary we may say that the same is true for 
all the circles (c). 

Thus, relation (I) of § 51 becomes satisfied for all values of a within the 
interval 0 * « - 1 / < l. That it is satisfied also when - 1 <«' = « = 0 
may now l>e inferred as follows: 
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In the present development we have <p(n, a, t) = <p(n, — a, — t ) and hence 

/»« S* t f*—t 

(155) I <p(n, a, t)dt = I <p(n, — a, — t)dt = — I <p(n, — ce, tf)d£. 

Jo Jo Jo 

If a be such that a' ^ a ^ 0 it follows from what we have already shown that 
the last member of (155) will converge to the limit § or — f according as — 1 + a 
= / = — e or e = — t ~ 1 -j - oLj and that for all such values of a and t the 

convergence will be uniform. This is, however, the same as saying that for 
a! ~ a 2§ 0 and — 1 — a t ^ — eore^it^il — a the first member of (155) 
shall have the properties desired. 

That relation (II) of § 51 is also satisfied in the present developments follows 
from (151) together with (150). Thus, for all values of a in (152) and for all 
values of t such that - e ^ f S e we have 


X' 


(p{n 3 a , t)dt 


i + 4T 


1 /»ir 1 /*2 TC 

d ** + sI 2d * 


With regard to relation (III) of § 51, we note that the function <p(n, a, t ) 
of the present development is given by (144). Now, availing ourselves of the 
formula 


l Z (2m + l)X„(x')X„(x) = i(*) 

^»=0 2 x — X 


and of the fact that for large values of n the function X n (cos 8) is of the form 27 


provided 8 lies in any interval of the form O<£s=0ga- — £;£>0, it appears 
that (III) is here satisfied for all values of a and t such that — 1 < a' 3= a sS b' 
< 1 and - 1 - a + $ S t S - e, e S t £ 1 - a - £ (£ > 0). Whether the 
same is also true (as desired by (III)) when t lies in the intervals — 1 — a ~ t 
= ~ 1 — a + £ or l-a-(gi<i- ffi remains in doubt, thus leading 
eventually to an application of remark (1) of § 56. Due account of this ex¬ 
ceptional character will be taken before the final summary of our results into a 
theorem. 

"We turn to the consideration of (143) when ol — ztz 1. First, if ot ” 1 we 
have 


(156) 



n 

i X (2n + 1) I X n (l + t)dt 

n= 0 Jo 


r„(cos 8) sin Odd 


27 Cf. Fej^k, l. c., p. 103. 




and we shall now show that for values of t such that — 2 + e < t < — e; i. e., 
of 6 such that. 0 < 77 ~ ' 8 * ir — 77 (>7 arbitrarily small but > 0 ) the last member 
of (15(5) converges (uniformly) to the value — 1 when n = 00 , thus satisfying 
relation (I )<, of § f>f> (f»'s l) when exception is there made of the value t = — 2 
(0 -• w). 

In fact, when <r ®= 1 we have 6' = 0, so that in using (147) we have 7 = 6 
while <p becomes independent of 0. Thus we may write 


f <fUi, 1 , t)df | ;nl-V n (eos 0) + A r „.|-i(cos 8)]dd 
(157) iW 

•jl>V„(eoH 8) -f A^cos 8))* = - 1 + $F„(eos 8). 

The indiented statement thus follows upon noting the properties already men¬ 
tioned of }*„(<'os ft) when t) < 77 6 * Jr — 7j (17 > 0 ). 

Again, if tt — l we may write 


I y(«, - 1 , t)dt 


(15S) 


■1 11 (-«■ -f 1)(— 1)" f A r n (cos 8) sin 8d8 

n *0 

I H (-«• + 1) f A” n {cos (ir — 0 )} sin 8dd 

»-t */«• 

i I** IV jcos (ir — 6)}d8 

|ir„leos Car - 0)}|{- 1 - JF»{cos (x - 8)}, 


from which it appears that for values of 0 such that 77 S 0 ^ 7 r — 77 (77 > 0) 
l (%> „f / that » • t 2 ~ 1 . the first member of (158) converges uniformly 
(« * ) to the limit 1 1, thus satisfying relation (I)« of §55 (6\ = 1) when 

except ion is there made of the value l 2 (0 ~ 0). 

Relations (lit., ami tllh, of §55 are evidently satisfied as a result of (157) 
and (158), but relation, till*,, and (lllh, are not, satisfied. For example, we 
have B 

Ml )£ <2a !■ 11 AVI t) - h £ (2a + l)AT B (cos 0) 


tital as a increases indefinitely the right member here appearing becomes an 
oscillatory divergent series whatever the value of 0. 5 * We are here led, there¬ 
fore, not'to an application of remark (1) of § 50. but rather to an entire recon¬ 
sideration of the reasoning by which Theorems (V) and (VI) of § 5o were estab¬ 
lished. In this wav vve may supply conditions for/W which, notwithstanding 
the present exceptional character of &n t 1, /), will insure the convergence of the 
series 1112 1 when s is equal to either 1 or - 1. 

>*n Pm fa,! r , p toil. 
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Thus, if $ n (l) represents the sum of the first (n + 1) terms of the series (142) 
when x = 1, we may write 

(159) s„( 1) = f° f( 1 + t) <p{n, 1, t)dt + * /(I + t)<p{n, 1, t)dt; e > 0. 

Since, as already shown, relations (1)6 and (11)6 are satisfied, it follows (cf. 
(25)) that the first term here appearing on the right approaches the limit/(I + 0) 
provided only that the integral 

f i I /(*) I dx 


exists and that f(x) has limited total fluctuation in the neighborhood at the left 
of the point x = 1. It remains, therefore, but to impose such further conditions 
upon f(x) that the last term of (159) shall approach the limit zero as n = °o ? 
and we shall now show that this will be the case whenever f(x) is of limited total 
fluctuation throughout the whole interval (— 1, 1). 

First, let us consider the integral 


(160) f ' f( 1 + t)<p(n, 1, t)dt 

Considering that n has any fixed value (positive integral), let us divide the 
interval (— 2 + e, — e) into a certain number m of parts such that in each the 
function <p(n, 1, t) does not change sign. Let p h p 2 , • • •, be the corre¬ 
sponding points of division. We may then write 

X -e / ppi pvi p—e \ 

/(I + t)<p(n, 1, t)dt = I I + I + * * • + I ) /(1 + f)<p(n, 1, t)dt 

2 +e \ 2+e Jp x Jpm-l / 

/•pi pn pPm-l p—< 

= fi I <pdt + fi I <pdt + ••• + /m_i I <pdt + f m I <pdt, 
J - 2 +< j pi 

where <p = <p{n, 1, t) and f h f 2 , f 3 , •••,/„ are certain values lying between the 
upper and lower limits of /(I + t) when considered within the intervals 

(-2+6, Pl), i'Pl.Vi), • ■ (Pm_2, Pm-l), tym-l, ~ *) 

respectively. Whence, if we let 6 h 8 % , ■ ■ ■, 6^, 8 n be the values of 


(161) f <p(n, 1, t)dt 

J- 2+e 

at the points t = pi, t = p 2 , * * *> t = p m respectively, we may write 
I /(l + t)<p(n, 1, t)dt = tfiC/x - f 2 ) + 0 2 (/ 2 - /a) + • • • 

U —2-f-e 

“f* —1 ( fm—1 fm) &mfm 



Since, as already shown, the integral (157) when considered for values of t 
in the interval —2+e5=£3= — e converges uniformly (n = ° o) to the limit 
— 1, it follows that the integral (160), when considered for the same values of t, 
converges uniformly to the limit zero. Whence, if <r be a preassigned arbitrarily 
small positive quantity we shall have, at least if n be chosen sufficiently large, 
1| < o’, 1021 < cr, • • •, 1 6 m | < <r. Whence, also, if X represents the upper limit 
of /(l + t) between t = — 2 + « and <=—■€, and if D* represents the fluctu¬ 
ation of /(l + t) in the interval < t < the last equation enables us to 

write 



/(l + t)<p(n, 


1, t)dt 


< 


/ OT -1 \ 

<^x + Ez) s J, 


from which the indicated result concerning the last term of (159) becomes evident. 

►Similarly, when x = — 1 we may obtain the corresponding result so that the 
discussion of the convergence of the series (142) may now be readily completed, 
both for the case of a point x such that — 1 < x < 1 and for the end points 
x ~ db 1, except that, following remark (1) of § 56, it remains to consider the 
integrals 


(162) 


f f(a + t)ip(n, a, t)dt, f f(a + f)<p(n, a, t)dt, 

/(1 + t)<p(n, 1, t)dt, /(- 1 + t)<p(n, - 1, t)dt. 

2 


In order to complete the discussion it thus suffices to show that, at least if % be 
taken sufficiently small, each of these integrals remains less in absolute value than 
any preassigned positive quantity w provided n be greater than some fixed 
quantity N. Moreover, in the case of the first two integrals, this property should 
be true uniformly for all values of a such that = 1— i- e., 

the determination of N should not depend upon a. 

Taking the first of the integrals (162), let us now suppose that /( x) is of 
limited total fluctuation in the neighborhood at the right of the point x = — 1 
and hence that f(a+t) has the same property at the right of the point t= — l—a. 
Then, since we have already shown that the integral (143) converges (n = °o) 
to the limit — J and that the convergence is uniform for all values of a and i 
such that — 1 < o' S a S J' < 1; - l- aS<S — «, it follows that we may 
treat the first of the integrals (162) in the same manner as we treated the 
integral (160), thus showing that however small the choice of the positive 
quantity <r, we may determine a value N (dependent only on <r) such that 
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where X' is the upper limit of f(a + t) in the interval — 1 — a < t < — 1 — o: + ^ 
and where 

m—l 

ZD,' 

*=l 

represents the sum of the oscillations of f(a + t) corresponding to a certain 
division of the same interval — a sum which by hypothesis is less than a constant. 

Similarly, the second of the integrals (162) is found to have the properties 
desired. 

As regards the third integral, the method just employed cannot here be used 
because we have not investigated the convergence of the integral (157) when 
+ We may, however, show as follows that if f(x) is assumed 
to be of limited total fluctuation in the neighborhood at the right of the point 
x = — 1 (as already implied in the conditions which we have placed upon f(x) 
in order that relation ( 111)6 be satisfied) then the third integral of (162) has 
the properties desired. In fact, following again remark ( 1 ) of § 56, we may 
then show that the integral in question may be made less in absolute value than 
any preassigned positive quantity by taking £ sufficiently small, this being true 
uniformly for all values of n sufficiently large. To see this, if we let the accent 
denote differentiation with respect to 0 , we have from (157) 

/»—2+£ /»TT 

(163) /(I + t)<p{n, 1 , t)dt = - $ /(cos 9)Y '(cos 9)dd, 


where 77 depends only upon £ and vanishes when £ = 0 . Since f(x) has been 
assumed to be of limited total fluctuation in the neighborhood at the right of the 
point x = — 1 , the same function is either monotone in this interval or consists 
of the sum of a finite number of such functions . 20 Evidently, then, without loss 
of generality we may assume in the study of (163) that /(cos (?) is monotone in 
the interval ir — ri < 9 < tt. 

This being the case, let us apply the second law of the mean for integrals to 
the second member of (163). We obtain 


2 +£ /» tt — y)i 

/(I + t)<p(n, 1, t)dt = -*/(- 1 + £) 7/(cos 9)d6 

*'-2 Jn-n 

- 4 /(- 1 + 0 ) r IV(cos 9 )dd, 

which, upon recalling that F„(cos x) = 0, reduces to 

— £ {/( — 1 +1) — /(— 1 + 0)} r„(cos (w — m)) + j/(— 1 + £) y„(cos (x — »?)), 

and of the two terms here appearing, the first, upon recalling that 

| y«(cos (x — Tji )) | SI 2 , 

2 » Cf. § 46, p. 110. 1 



may be made arbitrarily small in absolute value by choosing | sufficiently small, 
while the second (£ having been fixed) vanishes as n = <x >, it being observed 
here that, 17 does not depend upon n, so that we are dealing with the expression 
F„(eos 0), wherein 0 has a fixed value such that 0 < 6 < tt. 

Similarly, it appears that the last of the integrals (162) has the properties 
desired in ease/(.r) is assumed to be of limited total fluctuation in the neighbor¬ 
hood at the right of the point x = 1 . 

In summary, then, we reach the following theorem respecting the convergence 
of the series (142): 

Tiikokkm I. If the, function f(x) of the real variable x satisfies the following 
three conditions: 

(a) remains finite throughout the interval (— 1, 1) with the possible exception of 
a finite number of points', 

(b) is such that the integral 

£ |/(*) \dx 

exists; 

(r) Lh of limited total fluctuation in an arbitrarily small neighborhood at the 
right of the point x — —• 1 and in a similar neighborhood at the left of the point 

x — 1 , then the series 

(104) nW j g n = " f f(x)X n {x)dx , 

II '4) M J—l 

in which X„(x) represents the, polynomial of Legendre (Zonal Harmonic ) of order n, 
will converge at any point x (— 1 < x < 1) in the arbitrarily small neighborhood 
of which fix) has limited total fluctuation, and the sum will be 




Moreover, the convergence, will be. uniform (§ 45) to the limit f(x) throughout any 
interval {«', //) enclosed within a second interval (ai, bi) such that — 1 < a\ < a' 
< // < In < 1 provided that /( x) -is continuous throughout (a', V ) inclusive of its 
end points and has limited total fluctuation throughout (cti, bf). 

Also, if we replace conditions (a), Q>) and (c) by the single more restrictive con¬ 
dition-, vh., that fix) be of limited total fluctuation throughout the whole interval 
(— 1 , 1 ) then the same series will converge when x= — 1 or x=l and the respec¬ 
tive sums will he /(— 1 -f- 0 ),/(l “ b)- au 

»« The results eontaiued in this theorem, both for the case of an internal point (- 1 < c < 1) 
and for that of the end points x - ± 1, ap 5 >oar to have been first established rigorously by Hobson 

of the proiilem ("Herie <lt Fourier, etc.,” pp- 278-282), although outlining antheessenialsteps 
of the retired analysis, is but fragmentary, especially that which concerns the 
Hohson’h see.,mi m *v, just noted, less stringent conditions tot fix) ™ 
of the Theorem above, the same resulting from an extended critical study of the behavior of 
( - l * x * 11 for largo values of n (1. c., pp. 25-30). 
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69. We proceed to consider the summability (r = 1) of the series (142) and 
in so doing we shall make use of the following well known result : 31 
“ If we place 

n 

(165) «»(y) = 23 (2 n+ l)X„(cos 7 ) 

w—0 

and 

(166) S n '{ 7) = [50(7) + ^ 1 ( 7 ) + • • • + $ n ( 7)] 

then for large values of n we have 


(167) *'( 7 ) 


4 cos|- 

-( 

_ /y 

*Vtt sin ~ (2 sin 7) 3 


[(”+!)■ 


+ §»'( 7) 


where lim S„'(y) = 0 uniformly for all e == 7 21 t — e (« > 0).” 

n=o 0 

It will thus appear that although the summability (r = 1) of (142) at an 
internal point (— 1 < x < 1) cannot be assured under conditions so slightly 
limitive as those met with in the corresponding studies of Fourier series (§ 46) 
or the Bessel expansions (§ 67), nor indeed under restrictions upon f(x) which 
are any less than those stated in Theorem I for convergence (r = 0) at such a 
point, yet at the end points x = ± 1 the conditions for summability may be 
stated in a less restrictive form than the corresponding ones in Theorem I. 

We begin by noting that, as a result of (144) and (145), the function 4?(a, n, t) 
corresponding to the present development is such that 

$(ra, a, t ) = n {(pin, a, t) + <p(n - l, a, t) + • • • + <p( 0, a, <)], 

where 

1 r* 3 * » 

<p(n, a, t) = — 23 (2 n + l)X„(eos 7 )d<p 

r Jo n»o 


the angle 7 being here determined, as in § 68 , through the following relations: 
a — cos 6', a-\-t= cos 6, cos 7 = cos 6 cos 6' + sin 0 sin 6' cos (<p — ip'), 

it being understood that <p' is assigned any fixed value (0 51 <p l < 2 tr) independent 


of 6. 


Thus we may write 

1 r^ n 

(168) $(n, a,t) = — J s„'(y)dp, 

where s n '(y) is defined as in (166). 

Now, when t is such that — e 3 = t t (as occurs in relation (II) of the general 
theorem of § 52) the corresponding values of 7 pertaining to the neighborhood 


81 Cf. Fej&r, l. c.j p. 107. 



of the (fixed.) point (0', <p') lie in an interval of the form OS 7 S, where y 
vanishes with. e. Thus, while formula (168) is general, holding for all values of 
a and t with which we are concerned in applying the theorem of § 52 to the 
present development, we are unable to determine whether relation (II)' of the 
same theorem is here satisfied until more than is given by (177) is known of 
the behavior of s n '(y) for large values of n. A critical study of s n '(y) for 0 S y 
g e is here needed and such study has apparently not yet been made. 

Again, it cannot be argued from (167) and (168) that relation (III) of § 51 
is here satisfied by <S?(n, a, t) (cf. remark ( 2 ), § 56). This relation, however, is 
seen to be satisfied if we confine ourselves to the intervals — 1 — a + 

Z: — c, e r. "z t’Sk 1 — a — £ (? > 0 ) instead of - 1 - o; s ( < - f) e5i<l-«, 
but this is nothing more than can be at once inferred from the properties 
already pointed out in § 68 regarding the present function <p(n, a, t). It may 
be noted that if we could show that s„'(y) when considered for all values of n 
and for values of 7 within the interval it — e 2 = 7 2 = x remains less than a con¬ 
stant (dependent only upon <) the function <f >(n, a, t) would come to completely 
satisfy relation (III) as a result of (167) and (168). That such is true of s„'(y) 
seems probable. 

The conclusion from these remarks respecting summability (r = 1 ) at an 
internal point x (— 1 < x < 1 ) is therefore purely negative, except naturally 
that such summability will necessarily be present 32 under the conditions for 
convergence (r = 0 ) as given in the theorem of the preceding §. 33 

Turning to a consideration of the summability (r = 1 ) of the series (164) 
when a* *= —• 1 or x — 1 , we see upon reference to the results obtained for 
<p(n, — 1,0 and <p(n, 1 , 0 in § 68 that relations (I) OJ (II)o, (I) 6 and (II) b of § 55 
are satisfied by the present functions $(», — 1 , 0 and $(n, 1 , t ) (regarded as 
functions of the type <p there indicated) except that doubt exists in the case 
of (!)„ and (I)b when t belongs to the respective intervals 2 — $ S t ^ 2 , 
_ 2 : <1 •; — 2 + £ (£ > 0 ). In other words, nothing more can be said of 
4>(n, — 1,0 and $(n, 1 , t ) than was said of <p(n, — 1 , t ) and <p(n, 1 , 0 in § 68 . 
This, however, is not the case in dealing with relations (III ) 0 and (III)b. 

Thus, in (III)* we have to consider the expression 


*(». i, 0 


where 


n + 1 


[<p(n, 1 , 0 " 4 * < p( n — 1 , 1 > 0 “h ■ ■ ■ ~f" <p( 0 , 1 , 0 L 


<p(n, 1, 0 = 4 £ ( 2n + l)-£»( cos 0) - §«»(0)- 

ns=Q 

We may therefore write 

(169) $(«, 1, 0 = 

"S'. Chapman, Quart. Joum. Math., Vol. 43 (1911), p.5i. For^ summability (r =1) 
Chapman places no restrictions upon/(*) at the extremities of the interval (- 1 < * < 1) other 
than those for the whole interval. 



so that upon introducing (167) we see that (III)& is here satisfied for all values 
of t in the interval — 2 + £ ^ f ^ — e. For the remaining values of t with 
which (III) b is concerned, i. e., — 2 2 = t 3 = — 2 + £, doubt exists. 

Likewise, relation (III) tt is seen to be satisfied by $(», — 1, t) except possibly 
for values of t in the interval 2 — £ =3 t Si 2 . 

From the general theorem of § 52 together with the remarks in § 56 and the 
investigations already made in § 68 of the last two of the integrals (162) we 
reach the following 

Theobem II. If the function f(x) of the real variable x satisfies conditions 
(a), ( b) and ( c ) of the Theorem I (§68) then the series (164) when considered for 
the values x = ± 1 will be summable (r = 1) to the respective limits f(l — 0), 
/(-1 + 0 ). 

70. The difficulties which present themselves in the study of the aummability, 
r = 1, of the series (164) disappear in large measure when we consider the same 
problem with r = 2 . This fact was first pointed out by FKjfcu M who confined 
himself, however, to functions f(x) having somewhat greater limitations than we 
shall here find necessary in view of the general theorems of § 52. In what 
follows we shall make use without further remark of the following two preliminary 
results which may be found established on pages 81-87 of Fej fin’s original memoir. 

“ Having defined s n (y) and s„'( y) as in (165) and (166), if we place® 

(170) s n "(y) = [«o'(y) + sfi y) + • • • + #„'( 7 )| 

then 

“( 1 ) Whatever the values of n and y (0 < 7 < t), s n "( 7 ) is never negative. 

“(2) For values of 7 such that « Si 7 SI tt, e being arbitrarily small but > 0 , 
the expression ^"( 7 ) converges (n — 00 ) uniformly to zero.” 

These results being premised, we shall now endeavor to apply the general 
theorem of § 52 to the present development. 

Just as we found the formula (168) for the function 4>(n, a, t ) arising in the 
study of the summability, r = 1 , so it appears that if we represent by ip(n, a, t ) 
the corresponding function which arises when r =* 2 , we shall have 

1 r 1 *- 

(171) rp(n, a, *) =, 4 - *n'(y)d<p, 

where s n "{ 7 ) is given by (170). Whence, upon using result (l) above, we see 
that 

J a, t) \ dt = — J \l/(n, a, t)dt. 

Thus, in view of the fact that the function <p(n, a, t) (cf. (144)) and hence 

84 Cf. Math. Annalen, Vol. 67 (1909), pp. 70-109. 

8 5 Thus, 8 /( 7 ) comes to represent Haider’s second mean for the series (104). 
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tin, a, t) satisfies relation (II) of the theorem of § 51 (as shown in § 68) it follows 
that the present function Pin, a, t) satisfies relation (II)' of § 52. 

Moreover, if we avail ourselves of result (2) above, it appears from (171) that 
\p(n, a, t), when regarded as one of the functions of the type (pin, a, t) of § 51, 
satisfies relation (III) of the same §. 

It remains but to note that pin, a, t), when considered as one of the functions 
<p(n, a, t ) of § 51 satisfies relation (I) of that §, as a result of our analysis in § 68 
in order to see that the conditions for the use of the general theorem of § 51 are 
here all satisfied. 

As regards the summability (r = 2) of the series (164) when x = ± 1, it is 
easily seen that pin, 1 , t) and pin, - 1 , t) satisfy respectively all the conditions 
demanded by the general theorems VII and VIII of § 55. Thus, upon referring 
to (157) and recalling that 7„(cos 0) = X+dcos 0) + X„(cos 0), we have but 
to make use of result (2) above to see that i pin, 1, t) satisfies relation (I) 6 (a = — 1, 
5 = 1 , C n = 1) of Theorem VI (§ 55). Relation (Iiy of Theorem VIII (§ 55) 
is also satisfied, as follows from the fact established in § 68 that <p{n, 1, t) satis¬ 
fies (Iiy Theorem VI (§ 55), while from result (1) above, we may write 

X 1 > t ')\ dt=z ~ f $(.% 1, t)dt. 

Finally, it follows from (169) that Pin, 1, t) = \s n "{6) so that by applying result 
(2) above we see that 'Pin, 1, t) satisfies relation (III)&, Theorem VI (§ 55). 

Upon noting the corresponding results concerning pin, — 1, t) and applying 
the Theorems of § 55 we reach in summary the following 

Theorem III. If fix) be any function which, when considered throughout the 
interval (— 1, \), satisfies conditions (A) and (R) of Theorem I (§51) then the series 
(164) will be sumniable (r = 2) at any point x (— 1 < x < 1) for which the limits 
fix — ()),/(x + 0) exist and the sum will be 

i [fi x 0) + fix + 0)]. 

Moreover, the summability mil be uniform (§ 45) to the limit fix) throughout 
any interval in', b') such that — 1 <1 <C <C 1 provided that at all points within 
(o', b') inclusive of the end points the function fix) is continuous. 

Under the same conditions (A), (R) the series when considered for the values 
x ■* — 1 and x mt 1 will be summable (r = 2) to the respective limits /( Id - 0), 
/(1 — 0) provided only that these limits exist?* 

w Interesting results have been obtained by Planchbrejl (Rend, del Cir. Mat. di Palermo, 
Vol. 33 (H)12), pp. 41-66) relative to the summability of the Legendre developments when, 
instead of adopting the Holder definition of sum, one employs that of De la Vallfe Poussin (see 
footnote, p. 77). 



APPENDIX 


1. Proof of statement (I), § 46. It is desirable for the purpose to establish the following two 
lemmas: 

Lemma I. If a and b are any two real numbers such that either - t + «S ^ 
or a < b ^ tt — e } e being an arbitrarily small positive quantity , and if k is a positive quantity 
which may increase indefinitely according to any law whatever , then 


(1) 


lim f 


sin kt 
sin i 


dt 


= 0. 


and the limit is approached uniformly for all the indicated values of a and b. 

In order to establish this, let us suppose first that a and b are positive and divide the eases 
which may then arise into three sets as follows: 


(a) a <b: 


. T 
1 2 J 


(h) o < | < 6; 


(c) 


j a < b. 


In (a) we have merely to note that as t varies from a to b the function 1/sin t is always posi¬ 
tive and continually decreasing so that wo may apply the second law of the mean for integrals 
and write 


p 

* « sm t sin a * 


* sin ktdt 


, l r 

sm a L 


cos ka — cos fc£ 


]■ 


sin t w “ sin a ^ ™ sin a L k 

where £ is a certain quantity lying betwcon a and b. Hence, in (a) we shall have 


( 2 ) 


C b sir 
J « si 


sin kt 


sm t 


dt 


<.2.- 

& sin a" 


:-. 2 , 

" k sin € ’ 


from which the indicated result becomes evident. 
In (b) we write 


(3) 


f b sin kt pW^sin kt 3l , f h sin kt „ 
J* ■ dt - J a B . nT dt + J wj2 flinT dt, 


where the first integral of the second member falls in group (a), while the last one, after making 
the substitution t = v — t f , may be written 


u rr 


'W 2 sin k(T — t) 


sm t 


dt. 


In this integral as t varies from ir — h to t /2 the function 1 /sin t is always positive and continually 
decreasing so that we may again apply the second law of the mean and write 


W 2 sin k(ir — t) 


pir/2 

j IT-b 


2——* dt 
sm t 


t amkU - Ddt - rSS^ r «* k(r- 01 

sm 6^rr~»& v ' gmb L k J > 


where 7r — 6 < £ < t/2 . 
Whence, 


r 

Jtc-I 


* I 2 sin k(ir — t) 


sin t 


dt 


‘ k sin «’ 

after which the indicated result becomes evident as before. 

In (c) we have, after making the substitution t ** r — t f , 

C h sin kt /*"■“« sin k(ir — t) 


Upon noting that the absolute value of the expression ( 1 ) remains unchanged when — a and 
b arc substituted for a and b respectively, the Lemma thus becomes completely established. 
Lemma IL If k he a positive quantity increasing according to any law whatever and if b be a 
constant (independent of k) and such that 0<€<&<7r — 6, e being an arbitrarily small positive 
quantity, then 


i im 

oo •'o sm t 




and the limit is approached uniformly for all the indicated values of b. 

In order to prove this let us indicate by /</ the first odd number equal to or greater than k 
and let us place k •» k' — y so that 0 rg y < 2. 

We may then write 




* b sin kt 
o sin t 


dt 


■/; 


*« sin kt 
sin t 


dt “f” 


sir 
e si 


sin kt 
sin t 


dtj 


in which the last term, by reason of Lemma I, approaches uniformly the limit zero as k 
Also, we may write 


r B * m y u r* 

Jo sin t at ” Jo 


a sin (¥ — y)i 


d£ 


r 

Jo 


sin cos yt 


dt - /o 


’* cos sin yt 


sm t •'o sin £ ^ Jo sin £ ^ o sin t 

and by reason of the general formula f(S) « /(0) + 5/'(05); 0 < 0 < 1, we may place 

cos yt *=* 1 — yt sin 71 1 

where 0 *;,j y\y <2 and hence 


dt, 


(4) 


<«> 


sit 
0 hi: 


'«sin U n __ P* ain fc'£ 

Jo « 


•dt 


dt 


r 

Jo 


«yt sin k't sin yd 


dt 


r 

Jo 


cos k't sin 7 $ 


d£. 


am £ •'O sm t Jo sin £ Jo sin £ 

Of the three integrals last appearing on the right, the first may be written in the form 

(r ri - r) sin k ' i dt = 1 ~ r l2s ^dt, 

\Jo J« J amt 2 J« smf 


nine©, if n be the integer such that k' 

r */*»in k't 
Ju 


> 2 » + 1 , we have 
M2 I 




Upon applying Ijemmal to the last integral of (5) it thus appears that the integral of (4) in 
question approaches the limit w /2 as k «* «. 

As regards the last two integrals of (4), it is at once evident that each of these may be made 
arbitrarily small in absolute value with $ and with this the proof of the Lemma becomes complete. 

The proof of (I) of § 46 may now be mad© as follows: 

We may write 

. 2n +. 1 f 

Jo t),u n -h (X * + f~<) : y 


* dt 


sm 2 


1/ 


-«/* sin (2n + 1 )t 


m 


sin t 


dt ■ 


-f 

•tt Jo 


«/ 2 sin ( 2 n + 1 )t 


sin t 


dt 


and when - 2r + € < t < - « we have - tt + «/2 < t/2 < - e/2 so that the first term here 
appearing in the last member approaches uniformly the limit zero when n = °o as appears 
from Lemma I. The last term of the earn© member, however, approaches the limit - 4 as follows 

from Lemma IL . „ _ T JTT 

Similarly, when « < f < 2*r — # the desired result follows directly from Lemmas I and 11 

upon writing 

1 CL Inm, Seri© di Fourier, ©to., 119. 






J-UU 


«*=£(/.'+/ 0 ‘) 


. 2n + l. 
sin —^— i 


1 /*/*sin(2n + l)i 


l r</*an(2n + l)tj 

’ 7T*/0 “.““"fttnl 


2. jProo/ 0 / statement (II) of § 46. We first establish the following Lemma: 

Lemma IIL If k is a positive quantity which may increase indefinitely according to any law 
whatever we may write 2 for any value however great of k and for any value of t such that — x/2 rS~ tr£ x/2: 

J n sin kt ,, . 

_ dl < 7Ft 

0 sm t 

In fact, considering that k has any particular value among those which it may take and 
considering first the cases in which t is positive, we observe that since the function sin kt vanishes 
by changing sign at the points x/fe, 2x/&, 3x/fc, • • •, while the integral 


JQ am t 


is positive from t = 0 to t = r/k, this integral has maximum values at the points x/&, 3x/fc, Rirfk f * * « 
and minimum values at the points 2x/&, 4 x/fc, 

Moreover, the greatest of these maximum values is 

(7 ) r lk ^dt, 

Jo sm t > 

for we may show as follows that the difference between any maximum value and the next suc¬ 
ceeding one is positive: 

Let 


(2s -f“ l)x 


(2s + 3)x 
k “ 


(*-(>,1,2,3, and (2 * + 3 )sr sS§) 


be any two successive points belonging to the sot x/fe, 3r/h, &w/k, 
the corresponding maximum values of the integral in question is 


The difference between 


(r-D 


\ sin kt 


a * sin kt 


«■! si 


dt — — ■ 


'*** sin t 


1 sin t , 1 /»(2«+2)ir sin t 

k | ~J dt + k I ~t + t' 

*L+l)ir Sm fc j(fr+l)rr 8m Id 


1 />««+*)* , r 1 1 

•i f mn ‘| Ti“ .- M - 
J»+»r L Hm k " a ~T 


In the last integral here appearing the faotor sin t is negative (or zero) for all the values of 1 be¬ 
tween (2a + l)r and (2s + 2)?r and since, for the same values of t, we have 

o<i<L+I~=Z 

k v T ®”2 ’ 

the factor appearing in square brackets in the last integral is positive when 

(2aH-l)*5«S(2» + 2),r. 

In like manner it appears that the least of the minimum values of (6) is 

ft* I* Bin klj. 

*1° sin t 

and that this value is positive together with all values of the integral (6) when 0 < t S 2r/k. 

Thus, for all values of t such that 0 < t jg r/2 the integral (0) is positive and in summary 
we may say that the greatest absolute value of (0) when 0 £ 1 3 g w/2 is given by (7). But 

2 Cf. Dim, 1. c., § 18. 




rw* sm kt 
’o Bin e ( 


Bin ftrf /■*/* . n . . . x 

sin tjo dl ^±’ 0<h <k 

h 


and since for such values of k this expression is < 1 the Lemma now follows provided t > 0. 
In order to prove it also for the cases in which t < 0 we need but to note that 

I /•““* sin kt I r { sin kt 

Mo nzT dt “Moisr* • 

By use of Lemma III the proof of (II), § 46, is immediate since we have 

. 2n + 1. 

I/;*.** <i 

I Jw I . i 7T |«/o sm t 

J o sm 2 

A possible choice of the constant A of (II) is therefore A = 1. 

3. Proof of Statement (II)', § 47. We shall here establish the following general lemma: 

Lemma IV* If k * na + p where n takes only positive integral values and a and p are an% 
two constants (independent of n) of which a > 0, then, corresponding to any e > 0 such that e < tt/2. 

« < w/a $ we shall ham for all values of n sufficiently large 

/tl . I 1 * Bin kt , 

(8) ““I S ~T~r dt < 0 , 

v ; n*'-* I n ^o sm t Vy 

where g is a certain constant independent of both n and e* 

Hi nee 

sin (— kt) sin kt 
sin (— t) sin t ’ 

it will evidently suflice to prove the lemma for the expression 

1 /*« I J sin kt 

(9) -IS dt 

w nJ o I nao sm t 

inffirnd of (B). 

Now, we have 

?*— - , l , [sin no* cos fit + cos nod sin pt], 

mn l sm r 

10 that by application of the well known formulae 


n 

^ sin m 

H-3 0 


. nx . / * ^ 

sm -g- sm (n + I) ^ 


X cos rial*- - 

1*3*>U 


ft® . 

cos "j- sm 


(ft + 1) O 


* uinjfc 

sin t 


IfnT ^ < nfo ^ ft ’ + nX ^ n ’ 


»*'o j b “ 8 mn t | »• 

. tnarf . (» + l)«f 

am-./- 8in —^ 
sin f • 


. (ft + l)arf sin /3J 

“”2“ T"5 

——t— p— sm . 

sm t £> 


we obtain 
( 12 ) 
whore 
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Now, for the given value of e we may take n so large that 


and write 


(n + I) a 


(13) 

Now, when 


So ^ dt = / 0 ,r/( ” +1) “ + £ l(n+l)a ^*1. 


we may write 


0 <t < ;. y rr <« <| 

(n + l)a 2 


/ sin-r- 
wcc | 2 


n« ir 7rn« 
< 2 ‘ 2 * 4 


and in like manner 


-T3-- + + °<‘<(«-+!)«• 


Thus it appears that the first term on the right in (13) is less than (t *»/8). Again, the second 
term on the right in (13) may be put into the form ^ 

2 f* I . nod . (a + 1)^1 / * \ / 2 \ eft 

oJwCn+Da SU1 2 8m . 2 \ sin £) [ ati } t» ’ 


U.)L 


which is less than 


Thus we have 


;£/(»+i>*(2) «»=2 (n + 1 )+ 2l 


l./o* ***Sy+f + aJ~» 


from which we see that the first term on the right in (12) has the projwsrty Indicated of (B). Like¬ 
wise, the same is seen to be true of the second term on the right in (12) with which the proof 
becomes complete. 

The proof of (II)' of § 47 follows by considering the special case in which a » 1, fi » §. 

4 . Lemma V . With k defined m in Lemma IV m ham 


lim - f" S cos kt dt - 0, 


where « is any positive constant such that « < 1, « < v/a. 

As in the study of (8) it will here suffice to prove the lemma for tike expression obtained 
from (15) by replacing the — « of the lower limit of integration by 0. 

Now, we have 

cos kt « cos ncd cos fit — on nod sin fit, 


so that upon using formulae (10) and (11) we obtain 


»lo1io 008fci h < »lo Hdi ’ 


. (n + l)cd 

em i —. 
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For the given value of « we may take n bo large that 

7T 

"(n + l)a ^ 6 

and write 

<«) i; im - X"'- + '>- M + 

From (14) it npi^eare that the first term here appearing on the right is less than 
Again, the accomi term on the right in (16) may be put into the form 


which m lens than 
Thus we have 


2 r« . nat 

a*?rrKn+l)a, Sm % 


at 

2 * 


. at 


Bm 2 


(It 

7’ 


2 /*• (ir\dt 7r. (n + l)ea 


> P« 

Jo IldL > 


7r® 2 , (n + l)ea 

na na & 7r * 


from which the truth of the lemma becomes evident. 
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Part IV. Autobiographic Elements in Latin Inscriptions. By Profes¬ 
sor Henry H. Armstrong, Drury College. Pp. 215 - 86 . $ 0 . 40 . 
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Vol. IV. Roman History and Mythology. Edited by Professor 
Henry A. Sanders. Pp. viii + 427. $2.50 net. 

Parts Sold Separately in Paper Covers: 

Part I. Studies in the Life of Heliogabalus. By Dr. Orma Fitch 
Butler, University of Michigan. Pp. 1 - 169 . $1-25 net. 

Part II. The Myth of Hercules at Rome. By Professor John G. 

Winter, University of Michigan. Pp. 171 - 273 . $ 0.50 net. 

Part III. Roman Law Studies in Livy. By Professor Alvin E. Evans, 
Washington State College. Pp. 275 - 354 . $ 0.40 net. 

Part IV. Reminiscences of Ennius in Silius Italicus. By Dr. Loura 
B. Woodruff. Pp. 355 - 424 . $ 0.40 net. 


Vol. V. Sources of the Synoptic Gospels. By Rev. Dr. Carl S. 
Patton, First Congregational Church, Columbus, Ohio. Pp. xiii + 
263. $1.30 net. 


Size, 28 X 18.5 cm. 4 to. 

Vol. VI. Athenian Lekythoi with Outline Drawing in Glaze 
Varnish on a White Ground. By Arthur Fairbanks, Director of 
the Museum of Fine Arts, Boston. With 15 plates, and 57 illustra¬ 
tions in the text. Pp. viii + 371. Bound in cloth. $4.00 net. 


Vol. VII. Athenian Lekythoi with Outline Drawing in Matt Color 
on a White Ground, and an Appendix: Additional Lekythoi 
with Outline Drawing in Glaze Varnish on a White Ground. 
By Arthur Fairbanks. With 41 plates. Pp. x + 275. Bound in 
Cloth. $3.50 net. 


Vol. VIII. The Old Testament Manuscripts in the Freer Collec¬ 
tion. By Professor Henry A. Sanders, University of Michigan. 

Part I. The Washington Manuscript of Deuteronomy and Joshua. 
With 3 folding plates of pages of the Manuscript in facsimile. Pp. 
vi + 104 . Paper covers. $ 1 . 00 . 

Part II. The Washington Manuscript of the Psalms. (In Press .) 
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Vol. IX. The New Iestament Manuscripts in the Freer Collec¬ 
tion. By Professor Henry A. Sanders, University of Michigan. 

Part I. The Washington Manuscript of the Four Gospels. With 
5 plates. Pp. vii + 247 . Paper covers. $ 2 . 00 . 

Part II. The Washington Fragments of the Epistles of Paul. (In 
Preparation.) 


Vol. X. The Coptic Manuscripts in the Freer Collection. By 
Professor William H. Worrell, Hartford Seminary Foundation. 

Part I. A Fragm knt of a Psalter in the Sahidic Dialect. (In Press.) 


Vol. XL Contributions to the History of Science. (Part I ready .) 

Part I. Robert of Chester’s Latin Translation of the Algebra of 
Ai.-Kiiowarizmi. With an Introduction, Critical Notes, and an English 
Version. By Professor Louis C. Karpinski, University of Michigan. 
With 4 plates showing pages of manuscripts in facsimile, and 25 dia¬ 
grams in the text. Pp. vii + 164 . Paper covers. $ 2 . 00 . 

Part II. The Prodromus ok Nicholas Steno’s Latin Dissertation 
on a Solid Body Enclosed by Natural Process within a Solid. 
Translated into English by Professor John G. Winter, University of 
Michigan, with a Foreword by Professor William H. Hobbs. With 
2 plates of facsimiles, and diagrams. 

Part III. Vesuvius in Antiquity. Passages of Ancient Authors, with a 
Translation and Elucidations. By Francis W. Kelsey. Illustrated. 


Vol. XII. Studies in East Christian and Roman Art. 

Part I. East Christian Paintings in the Freer Collection. By 
Professor Charles R. Morey, Princeton University. With 13 plates 
(10 colored) and 34 illustrations in the text. Pp. xu + 87 . Bound 
in cloth. $ 2 . 50 . 

Part II. A Gold Treasure of the Late Roman Period from Egypt. 
By Professor Walter Dennison, Swarthmore College. (In Press.) 
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Vol. XIII. Documents from the Cairo Genizah in the Freer Col¬ 
lection. Text, with Translation and an Introduction by Professor 
Richard Gottheil, Columbia University. {In Preparation .) 


SCIENTIFIC SERIES 

Size, 28 X 18.5 cm. 4 0 . Bound in cloth 
Vol. I. The Circulation and Sleep. By Professor John F. Shepard, 
University of Michigan. Pp. x -f- 83, with an Atlas of 83 plates, 
bound separately. Text and Atlas, $2.50 net. 


Vol. II. Studies on Divergent Series and Summability. By Profes¬ 
sor Walter B. Ford, University of Michigan. Pp. xi+ 183, with 10 
pp. of bibliography. $ 2.50. 


University of Michigan Publications 

HUMANISTIC PAPERS 

Size, 22.7 X 15.2 cm. 8 °. Bound in cloth. 

Latin and Greek in American Education, with Symposia on the 

Value of Humanistic Studies. Edited by Francis W. Kelsey. 

Pp. x + 396. $1.50. 

CONTENTS 

The Present Position of Latin and Greek, the Value of Latin and 
Greek as Educational Instruments, the Nature of Culture 
Studies. 

Symposia on the Value of Humanistic, particularly Classical, Studies 
as a Preparation for the Study of Medicine, Engineering, Law 
and Theology. 

A Symposium on the Value of Humanistic, particularly Classical, 
Studies as a Training for Men of Affairs. 

A Symposium on the Classics and the New Education. 

A Symposium on the Doctrine of Formal Discipline in the Light of 
Contemporary Psychology. 
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The Theory of Errors and Least Squares 

By LeROY D. WELD 

Professor of Mathematics in Coe College 

202 pages. 12mo. 

This book has been written not only for the use of college stu¬ 
dents who have had a short course in calculus, but also for the use 
of scientists with a similar equipment in mathematics. The author’s 
aim has been to provide examples which are clear-cut, real and alive, 
taken as far as* possible from actual and recent experience and from 
many departments of science. He has been collecting these prob¬ 
lems for several years from research-workers, astronomers, engineers 
and chemists, and has assembled them here in a form which will be 
found adequate for the use of practical workers. To quote the 
words of a prominent mathematician who has read the book in manu¬ 
script, “It avoids the congestion of technical terms which repels one 
from most of the books on this subject, yet uses enough to develop 
the subject properly. It is written with unusual clearness, and has 
a swing to it that is really quite charming.” 


Memorabilia Mathematical or the 
Philomath’s Quotation-Book 

By ROBERT EDOUARD MORITZ 

Professor of Mathematics in the University of Washington 

410 pages. 8vo. $ 3.00 

A timely and useful volume whose distinct purpose is to bring 
together into a single volume exact quotations in English or English 
translations, with their exact references, bearing on Mathematics. 
Over one thousand passages have been grouped under twenty heads, 
and cross-indexed under nearly seven hundred topics. This book 
should be in the library of every advanced student, instructor and 
department of mathematics. 
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Historical Introduction to 
Mathematical Literature 

By G. A. MILLER 

Professor of Mathematics in the University of Illinois 

302 pages. 12mo. $1.60 

This book grew out of a series of lectures which were intended to sup¬ 
plement the work of the regular mathematical courses along general his¬ 
torical lines. It aims to give a brief account of the most important modern 
mathematical activities, such as the mathematical societies, mathematical 
congresses, and periodical publications and reviews, and to exhibit funda¬ 
mental results in elementary mathematics in the light of their historical 
development. In preparing it for publication, the author aimed to meet 
the needs of a text-book for synoptic and inspirational courses which can 
be followed successfully by those who have not had extensive mathematical 
training. As the book is written in a popular style and deals with many 
present-day mathematical questions, such as errors in the current mathe¬ 
matical literature, standing problems, and living mathematicians, it is be¬ 
lieved that it will also be found suitable for mathematics teachers’ reading 
clubs. Most of the book is about mathematics and mathematicians, rat her 
than on mathematics, and is devoted to a brief discussion of some of the 
principal aids to the student who is just beginning to do independent 
mathematical work. It includes a brief consideration of the greater Fer¬ 
mat Theorem, for the proof of which a large prize is now outstanding. 

Introduction to the Theory of Fourier’s 
Series and Integrals and the Mathematical 
Theory of the Conduction of Heat 

By H. S. CARSLAW 

Professor of Mathematics in the University of Sydney 

434 pages. 8vo. $ 4.28 

An Introduction to the Theory of 
Infinite Series 

By T. J. I’A. BROMWICH, M.A., F.R.S. 

511 pages. 8 vo. $ 4.50 
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